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Context of application: plasma in a tokamak

source: ASDEX, https://ipp.mpg.de

Context of application: plasma evolution in a tokamak

▶ Simulation of particle motion in a plasma
with magnetic confinement.

▶ Equations: [LMG+18, GAB+16, GBB+06],

Time evolution of the particles governed by the Vlasov equation,
6D space: (x, v) ∈ R6, with x ∈ R3, v ∈ R3

∂t f(t, x, v) + v · ∇xf(t, x, v) + q
m

(E + v× B) · ∇vf(t, x, v) = 0, (1)

Gyrokinetic approximation, 5D space: (x, v∥, µ) ∈ R5, with x ∈ R3, v∥, µ ∈ R

∂t f(t, x, v∥, µ) + vGC(t, x, v∥, µ) · ∇xf(t, x, v∥, µ) + aGC(t, x, v∥, µ)∂v|| f(t, x, v∥, µ) = 0,
(2)

Guiding-center, 2D space: (r, θ) ∈ R2,

∂t f(t, r, θ) + vGC(t, r, θ) · ∇f(t, r, θ) = 0, (3)
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General motivation: special geometries and local refinements
Why using multi-patch geometry?
We align the mesh lines on the flux surfaces of the magnetic field⇒ separate the poloidal plane into different zones.

Zoom on the
non-conforming mesh

Global domain split into 9 patches. Mesh for the ITER tokamak
based on data from SOLEDGE3X and generated by K. Obrejan

(https://soledge3x.onrender.com, article [RTM+25]).

Zoom on a reference
O-point in the core.

x

y

{
x = r cos(θ)
y = r sin(θ)

→ Studied in [ZG19].
→ Studied in [Bou22].

Zoom on a reference X-point
at the separatrix intersection.

x

y

x = sgn(x)
√√

u2 + v2 − u

y = sgn(y)
√√

u2 + v2 + u

→Work in progress.
• E. Bourne. Non-Uniform Numerical Schemes for the Modelling of Turbulence in the 5D GYSELA Code [BMG+23]
• E. Zoni et al. Solving hyperbolic-elliptic problems on singular mapped disk-like domains with the method of characteristics and spline finite elements, [ZG19]
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Implementation in Gyselalib++
Gyrokinetic Semi-Lagrangian code

▶ Fortran version: GYSELA [GAB+16]
▷ Gyrokinetic plasma turbulence simulations to understand turbulent transport that mainly governs

confinement in Tokamaks.
▷ GYSELA developed at IRFM/CEA code over 20 years thanks to strong EU collaboration between physicists,

mathematicians and HPC specialists. (Petascale simulations.)

▶ C++ version: Gyselalib++ Start with European project EoCoE-III (2024 - 2027).
▷ Exascale needs for ITER plasma turbulence simulations.
▷ + Modular + More portable on exascale architectures + More physics.

DDC libkoliop PDI

Gyselalib++

Voicexx
(1X-1V)

Guiding-center
(2X)

Gysela-Axi
(2X-2V)

Gysela-DK
(3X-1V)

Gysela-X++
(3X-2V)

Gysela-Stellarator
(3X-2V)

Gysela-DK
(3X-1V)

Gysela-X++
(3X-2V)

sheath diocotron
instability

neoclassical effects test bed for
aligned coord.

exascale simulations
with X-point

GitHub: https://github.com/gyselax/gyselalibxx
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Context
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General motivation
Gyselalib++

I. Semi-Lagrangian scheme on a single patch
1. Backward semi-Lagrangian (BSL) method
2. Interpolation with cubic B-splines
3. Logical space and physical space

II. Semi-Lagrangian scheme on multi-patch
1. Local spline regularities at the interfaces
3. Generalisation of the formula

Relation between three derivatives
Application to multi-patch: use a matrix system

3. Approximation formula
4. 2D Multi-patch

III. Numerical results
1. Advection on non-conforming mesh
2. Advection on mesh with T-joints
3. Diocotron simulations

V. Conclusion and perspectives

P. Vidal, E. Bourne, V. Grandgirard, M. Mehrenberger, E. Sonnendrücker,
Local cubic spline interpolation for Vlasov-type equations on a multi-patch geometry.
[SUBMITTED], Available on http://arxiv.org/abs/2505.22078
[VBG+25]
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I. Semi-Lagrangian scheme on multi-patch
1. Backward semi-Lagrangian (BSL) method

Advection equation:{
∂t f(t, x) + A(t, x) · ∇f(t, x) = 0, t ≥ 0, x ∈ Ω

f(t = 0, x) = f0(x), x ∈ Ω

(4)
Characteristics’ equation: → conservation of f .{

∂sX(s; t, x) = A(s,X(s; t, x)), s ≥ 0, x ∈ Ω

X(t; t, x) = x, x ∈ Ω
(5)

x

x
•

trajectory

• xi

X(t − dt; t, xi)

t

t − dt

−→
A

▶ Solve backward the characteristics’ equation.
▶ Interpolate the function at t − dt at the feet of the
characteristics: X(t − dt; t, xi).

2. Interpolation with cubic B-splines
spline = piecewise cubic polynomials
1D formula:

s(x) =
N+d∑
k=0

ckbk(x), x ∈ Ω (6) b0 bN

b0 b1 b2 b3 b4 b5 b6

• • • • • • • • • • •
k0 kN+2d

× × × × ×
x0 xN
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I.3. Logical space and physical space
We want to align the mesh lines on the flux surfaces of the magnetic field.

• Global domain:

θ

r

Logical Ω̂

y

x

Physical Ω

F

• Multi-patch:

θ1

r1

θ2

r2

θ3

r3

Logical Ω̂1, Ω̂2, Ω̂3

y

x

Physical Ω

F1, F2, F3

▷ 2D spline = tensor product
between two 1D splines.

▷ B-splines defined on the logical
domain.

▷ Advection computed in the
physical domain.

▷ Connection between patches?
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II. Semi-Lagrangian scheme on multi-patch
1. Local spline regularities at the interfaces and generalisation

x

spline 0 spline 1 spline 2 spline 3
regularities

! C0 → instabilities.
▶ C1 → Hermite boundary conditions.

▶ N. Crouseilles et al. A parallel Vlasov solver based on local
cubic spline interpolation on patches. [CLS09]

s′(xi) =
10∑

j=−10

ω̃j
∆x

fi+j , (7)

with given weigths {ω̃j}j (ω̃0 = 0), and ∆x the uniform cell
length.

Assumptions/limitations: ▶ Study only applied to cubic splines. ▶ {Break points} ⊂ {interpolation points}.
Hermite interpolation polynomials: (H0,H1,K0 and K1 cubic polynomials.)

P(a + x(b− a)) = f(a)H0(x) + f(b)H1(x) + (b− a)f ′(a)K0(x) + (b− a)f ′(b)K1(x). (8)

P−

cell −
x−

i−1 x−
i

s(x−
i−1)

s′(x−
i−1)

s(x−
i ) = s(x+

i )

s′(x−
i ) = s′(x+

i ) P+

cell +x+
i x+

i+1

s(x+
i+1)

s′(x+
i+1)

Imposing C2 continuity P′′
−(x−

i ) = P′′
+(x+

i ) enforces the Hermite polynomials to be equal to an equivalent global
cubic spline defined on both cells.
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II.2. Generalisation of the formula with Hermite polynomial
Relation between three derivatives

∀NL,NR > 1 number of cells,

x• • •
xi−1 xi xi+1xi−NL ? xi+NR ?

Relation (9) at xi

Recursivity:
▶ Forward: with n ≥ 0,

x

i
i + 1

(10)

• • •▲
▲ ▲

n→

xi−1xi xi+NRxi−NL

▶ Backward: with m ≥ 0

x

(10)
i − 1

(11)

• • •
▲

▲▲
← m

xixi−NL xi+NR

Imposing C2 continuity P′′
−(x−

i ) = P′′
+(x+

i ) gives

s′(xi) = γi + αis′(xi+1) + βis′(xi+1), (9)

with αi , βi , γi ∈ R, γi =
∑1

k=−1 γi,k fi+k ,

s′(xi) = ci
1,n + ai

1,ns′(xi+n) + bi
1,ns′(xi−1), (10)

s′(xi) = ci
m,NR + ai

m,NR s′(xi+NR ) + bi
m,NR s′(xi−m) (11)

with ai
m,n, bi

m,n, ci
m,n ∈ R, ci

m,n =
∑n

k=−m ωi
k,m,nfi+k ,
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II.2. Generalisation of the formula with Hermite polynomial
Application to multi-patch: use a matrix system

For each interface I, s′(XI) = cI + aIs′(XI+1) + bIs′(XI−1) (12)

• • •

patch 1 patch 2 patch 3 patch 4

X0 X1 X2 X3 X4

NR
1 cellsNL

1 cells

NR
2 cellsNL

2 cells

NR
3 cellsNL

3 cells

s’(X0) s’(X1) s’(X2) s’(X3) s’(X4)

(Notation: aI = aI
NR

I ,NL
I
.)

For Np = 4 patches,
Np + 1 = 5 interfaces,

S =



s′(X1)
...

s′(XI)
...

s′(XNp−1)


=


1 −a1

−b2 1 −a2

. . .
. . .

. . .
−bNp−1 1


−1



c1 + b1s′(X0)
...
cI

...
cNp−1 + aNp−1s′(XNp )


= (I − M)−1C (13)

Matrix size Np − 1 × Np − 1 → small matrix system! Exact derivatives!
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II.3. Approximation of the exact 1D formula
Behaviour of (cI , aI , bI) when NL

I ,N
R
I →∞ ?

(12): s′(XI) = cI + aIs′(XI+1) + bIs′(XI−1)

▶ For NI = NL
I = NR

I , cI =
∑NR

I
k=−NL

I
ωI

k,NL
I ,N

R
I

fi+k −→ cI,∗ =
∑NR

I,trunc
k=−NL

I,trunc
ωI

k,NL
I,trunc,N

R
I,trunc

fi+k .

0 10 20 30 40 50

NI , Number of cells on the left and right patch of the interface.
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.

Behaviour of the aINI ,NI
and bINI ,NI

coefficients
according to the number of cells NI .Uniform case.

|(2−
√
3)NI |

|aINI ,NI
|

|bINI ,NI
|

machine error = 10−16

NI = 28

NI = 10

0 10 20 30 40 50

NI , Number of cells on the left and right patch of the interface.
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Behaviour of the aINI ,NI
and bINI ,NI

coefficients
according to the number of cells NI .Non-uniform case.

|aINI ,NI
|

|bINI ,NI
|

machine error = 10−16

NI = 23

−40 −30 −20 −10 0 10 20 30 40

Index k of the weigth ωk for k = −NI , ..., NI .
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10−14

10−10

10−6

10−2

102

W
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g
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s
|ω

k
|.

Behaviour of the absolute value of the weigths |ωk| in cINI ,NI

according to the number of cells NI .
Uniform case.

machine error: 10−16

ωequiv, k

NI = 40

NI = 30

NI = 20

NI = 10

NI = 2

−40 −30 −20 −10 0 10 20 30 40

Index k of the weigth ωk for k = −NI , ..., NI .

10−18

10−13

10−8

10−3

102

W
ei
g
th
s
|ω

k
|.

Behaviour of the absolute value of the weigths |ωk| in cINI ,NI

according to the number of cells NI .
Non-uniform case.

machine error: 10−16

NI = 40

NI = 30

NI = 20

NI = 10

NI = 2
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II.3. Approximation of the exact 1D formula

(12): s′(XI) = cI + aIs′(XI+1) + bIs′(XI−1)

• • •

patch 1 patch 2 patch 3 patch 4

X0 X1 X2 X3 X4

• • • • • ••
••••

••••••
• •
• • •• • • • • ••••••

s′(X0) s′(X1) s′(X2) s′(X3) s′(X4)

For NL
I , NR

I > 30, ∀I,

S → Ctrunc =


c1,∗

...
cNp−1,∗

 , s(XI) ≃
30∑

k=−30
ω

I
k,30,30fi+k (14)

→ Pseudo-local systems.
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II. 4. 2D Multi-patch

Conforming case: 2D splines are a tensor product of 1D splines ⇒ direct application of the 1D case.

1D: s′(XI) = cI + aIs′(XI+1) + bIs′(XI−1)

× ×× ×× ×× × Cross-derivatives.

1D resolution for
derivatives along x.

1D resolution for derivatives along y.

x

y

∂xs(XI , yj) = cI + aI∂xs(XI+1, yj) + bI∂xs(XI−1, yj)

∂ys(xi ,YJ) = cJ + aJ∂ys(xi ,YJ+1) + bJ∂ys(xi ,YJ−1)

∂xys(XI , yj) = cI
∂y + aI∂xys(XI+1, yj) + bI∂xys(XI−1, yj)

Non-conforming case: Not always an order to compute the derivatives and
cross-derivatives using all the information.
−→ Approximation may be a better solution for some cases.
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III. Numerical results
Context

Tokamaks
General motivation
Gyselalib++

I. Semi-Lagrangian scheme on a single patch
1. Backward semi-Lagrangian (BSL) method
2. Interpolation with cubic B-splines
3. Logical space and physical space

II. Semi-Lagrangian scheme on multi-patch
1. Local spline regularities at the interfaces
3. Generalisation of the formula

Relation between three derivatives
Application to multi-patch: use a matrix system

3. Approximation formula
4. 2D Multi-patch

III. Numerical results
1. Advection on non-conforming mesh
2. Advection on mesh with T-joints
3. Diocotron simulations

V. Conclusion and perspectives
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III. Numerical results
1. Advection on non-conforming mesh

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

t

0.0

0.1

0.2

m
a
x
x
,y
|s(

x
,y
)
−
f
(x
,y
)|.

Error of the spline representations with respect to the exact function.

coarse spline

local splines

refined spline
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III. Numerical results
2. Advection on mesh with T-joints

T-joint = connection between at least three patches, where an edge of one patch is not fully connected to the edge of
another patch along its entire length.

Global spline Local splines Difference
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III. Numerical results
3.Diocotron on non-uniform mesh with T-joints∂tρ+

E × B
|B|2

· ∇ρ = 0,

∆ϕ = −ρ, ϕ = 0 on ∂Ω

(15)

▶ Local refinement with T-joints + "ill-placed" interface.
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V. Conclusion and perspectives
▶ Advection on a multi-patch geometry (with BSL + B-splines)⇒ compute derivatives at the inner interfaces.
▶ Generalisation of formula s′(xi) =

∑10
j=−10

ω̃j
∆x fi+j (from N.Crouseilles, G.Latu and E. Sonnendrücker’s article. [CLS09])

▶ Provide exact and approximation formulas.

▶ Work on ▶ uniform and non-uniform meshes.
▶ conforming and non-conforming meshes.
▶ meshes with T-joints.

P. Vidal et al. Local cubic spline interpolation

for Vlasov-type equations on a multi-patch

geometry. Submitted, available on
http://arxiv.org/abs/2505.22078,

▷ Study of interpolation on geometries with X-point.
▷ Application to higher dimension equations

(e.g. drift-kinetic equations (2X - 2V), ...)
▷ Optimization for exascale simulations

(porting on GPU work in progress).

1

23
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6 7
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23
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6 7
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• x

y
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APPENDIX: General of the formula with Hermite polynomials
Exact relation of derivatives at three consecutives points

Imposing C2 continuity P′′
−(x−

i ) = P′′
+(x+

i ) gives

s′(x−
i ) = γi + αis′(x+

i+1) + βis′(x−
i−1), (16)

with 

γi =
3
2

1
∆x+

i +∆x−
i

[
∆x−

i
∆x+

i
f+i+1 +

(
∆x+

i
∆x−

i
−

∆x−
i

∆x+
i

)
f−i −

∆x+
i

∆x−
i

f−i−1

]
αi =

−1
2

∆x−
i

∆x+
i +∆x−

i

βi =
−1
2

∆x+
i

∆x+
i +∆x−

i

(17)

with ∆x+
i = x+

i+1 − x+
i and ∆x−

i = x−
i − x−

i−1. → not especially ∆x+
i = ∆x−

i .

▶ Derivative equal to the derivative of a global spline defined on the two cells.
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APPENDIX: Recursive formula for the coefficients - Forward

▶ Forward: with n ≥ 0,

s′(xi) = ci
1,n+1 + ai

1,n+1s′(xi+n+1) + bi
1,n+1s′(xi−1), (18)


ci

1,1 = γi

ai
1,1 = αi

bi
1,1 = βi

ci
1,2 =

1
1− αiβi+1

[γi + αiγi+1]

ai
1,2 =

αiαi+1
1− αiβi+1

bi
1,2 =

βi
1− αiβi+1



ci
n+1 =

1

1− βi+n
ai

1,n
ai

1,n−1

[
ci

n + ai
1,nγi+n − βi+n

ai
1,n

ai
1,n−1

ci
1,n−1

]

ai
1,n+1 =

ai
1,nαi+n

1− βi+n
ai

1,n
ai

1,n−1

bi
1,n+1 =

1

1− βi+n
ai

1,n
ai

1,n−1

[
bi

n − βi+n
ai

1,n
ai

1,n−1
bi

1,n−1

]
(19)

The c coefficient can be seen as a sum of {fk}k : ci
1,n+1 =

∑n
k=−1 ω

i
k,1,n+1fi+k .
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APPENDIX: Recursive formula for the coefficients - Backward

▶ Backward: with m ≥ 0,

s′(xi) = ci
m+1,NR + ai

m+1,NR s′(xi+NR ) + bi
m+1,NR s′(xi−(m+1)) (20)



ci
2,NR =

1
1 − bi

1,NRαi−1

[
ci

1,NR + bi
1,NRγi−1

]

bi
2,NR =

bi
1,NRβi−1

1 − bi
1,NRαi−1

ai
2,NR =

ai
1,NR

1 − bi
1,NRαi−1



ci
m+1,NR =

1

1 − αi−m
bi

m,NR

bi
m−1,NR

[
ci

m,NR + bi
m,NRγi−m − αi−m

bi
m,NR

bi
m−1,NR

ci
m−1,NR

]

bi
m+1,NR =

bi
m,NRβi−m

1 − αi−m
bi

m,NR

bi
m−1,NR

ai
m+1,NR =

1

1 − αi−m
bi

m,NR

bi
m−1,NR

[
ai

N,m − αi−m
bi

m,NR

bi
m−1,NR

ai
m−1,NR

]

(21)

The c coefficient can be seen as a sum of {fk}k : ci
m+1,NR =

∑NR

k=−(m+1) ω
i
k,m+1,NR fi+k .
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APPENDIX: Explicit formula for uniform patches

▶ For uniform per patch mesh, to lighten the notation m = NL
I , n = NR

I ,



aI
m,n =

(−1)n−1u1aI
1,1um

umun + umun−1aI
1,1 + unum−1bI

1,1
,

bI
m,n =

(−1)m−1u1bI
1,1un

umun + umun−1aI
1,1 + unum−1bI

1,1
,

cI
m,n =

n∑
k=−m

ω
I
k,m,nfi+k ,

,



ω
I
k,m,n = 3(−1)k

aI
1,1

∆x+ umu1

umun + umun−1aI
1,1 + unum−1bI

1,1
, k = n,

ω
I
k,m,n = 3(−1)k

aI
1,1

∆x+ um(un−k+1 − un−k−1)

umun + umun−1aI
1,1 + unum−1bI

1,1
, k = 1, ..., n − 1,

ω
I
k,m,n = 3(−1)k

aI
1,1

∆x+ um(un − un−1) −
bI
1,1

∆x− un(um − um−1)

umun + umun−1a1,1 + unum−1bI
1,1

, k = 0,

ω
I
k,m,n = 3(−1)k+1

bI
1,1

∆x− un(um+k+1 − um+k−1)

umun + umun−1aI
1,1 + unum−1bI

1,1
, k = −(m − 1), ...,−1,

ω
I
k,m,n = 3(−1)k+1

bI
1,1

∆x− unu1

umun + umun−1aI
1,1 + unum−1bI

1,1
, k = −m,

(22)

and aI
1,1 = − 1

2
∆x−

∆x+ + ∆x−
, bI

1,1 = − 1
2

∆x+

∆x+ + ∆x−
, and uk = (2 +

√
3)k − (2 −

√
3)k , ∀k ∈ N.
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