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» Simulation of particle motion in a plasma
with magnetic confinement.

» Equations: [LMG* 18, GAB*16, GBB*06],

Time evolution of the particles governed by the Vlasov equation, source: ASDEX, https://ipp.mpg.de
6D space: (x,v) € R®, with x € R® v € R®

Toroidal

Of(t, X, V) + V- Vxf(t,X,V) + % (E+v x B) - Vyf(t,x,v) =0, (1)
Gyrokinetic approximation, 5D space: (x, v, u) € RS, with x € R3, vi,u ER
8tf(t7 X, VH ) .u') + VGC(tz X, VH ) /L) : fo(t’ X, V|| ; M) + aGC(t» X, V|| ; U)BV||f(t7 X, VH ) [L) = 07

)
Guiding-center, 2D space: (r,0) € R?,

[aif(t,1,0) +veo(t,r,0) - Vi(t,r,0) =0, | (3)
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General motivation: special geometries and local refinements

Why using multi-patch geometry?
We align the mesh lines on the flux surfaces of the magnetic field = separate the poloidal plane into different zones.

0 Zoom on a reference Zoom on a reference X-point
O-point in the core. at the separatrix intersection.
® Zoom on the y
, non-conforming mesh
6
: x
.
3
2
X = rcos(0) x =sgn(x)\/ Vuz +v2 —u
1 .
y =rsin(6)
R y =sgn(y)\V VU2 +v2+u
Gilobal domain split into 9 patches. Mesh for the ITER tokamak ; f
based on data from SOLEDGE3X and generated by K. Obrejan - StUd!ed !n [ZG1 9]' i
(https://soledge3x.onrender. com, article [RTMT25]). — Studied in [BOU22] — Work in progress.

o E. Bourne. Non-Uniform Numerical Schemes for the Modelling of Turbulence in the 5D GYSELA Code [BMG™ 23]
e E. Zoni et al. Solving hyperbolic-elliptic problems on singular mapped disk-like domains with the method of characteristics and spline finite elements, [ZG19]
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. . . *
Implementation in Gyselalib++ - - E
Gyrokinetic Semi-Lagrangian code

» Fortran version: GYSELA [GAB*16]

> Gyrokinetic plasma turbulence simulations to understand turbulent transport that mainly governs
confinement in Tokamaks.

> GYSELA developed at IRFM/CEA code over 20 years thanks to strong EU collaboration between physicists,
mathematicians and HPC specialists. (Petascale simulations.)

» C++ version: Gyselalib++ Start with European project EoCoE-Ill (2024 - 2027).
> Exascale needs for ITER plasma turbulence simulations.
> + Modular + More portable on exascale architectures + More physics.

DDC libkoliop PDI
Gyselalib++ I
Voicexx ___— Guiding-center L Gysela-Axi Gysela-DK T Gysela-X++ —— Gysela-Stellarator
(AX-1V) (2X) (2X-2V) (3X-1V) (3%X-2V) (3X-2V)
sheath diocotron neoclassical effects test bed for exascale simulations
instability aligned coord. with X-point

GitHub: https://github.com/gyselax/gyselalibxx


https://github.com/gyselax/gyselalibxx
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P. Vidal, E. Bourne, V. Grandgirard, M. Mehrenberger, E. Sonnendriicker,

Local cubic spline interpolation for Vlasov-type equations on a multi-patch geometry.
[SUBMITTED], Available on http://arxiv.org/abs/2505.22078

[VBG*25]
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I. Semi-Lagrangian scheme on multi-patch
1. Backward semi-Lagrangian (BSL) method

Advection equation: : ~ : :
t X

Of(t,x) + A(t,x) - VF(t,x) =0, t>0,xeQ
7
f(t = 0,x) = fo(x), XEQ Xi A
@] e DN IS TN T
Characteristics’ equation: - conservation of f. X(t — dt; t,x)
9sX(s:t,x) = As, X(sit, X)), $20xeQ 5 Solve backward the characteristics’ equation.
X(tt,x) =x, x € Interpolate the function at t — dft at the feet of the
characteristics: X (t — dt; t, x;).
2. Interpolation with cubic B-splines
spline = piecewise cubic polynomials
1D formula: by by by b by bs bg
S P P s Pt B
s(x) =Y ckbk(x), x€Q (6) b o o Py
k=0 Xo XN



1.3. Logical space and physical space

We want to align the mesh lines on the flux surfaces of the magnetic field.

e Global domain: )
Physical Q > 2D spline = tensor product

Logical ©2 between two 1D splines.

> B-splines defined on the logical
domain.

r > Advection computed in the

physical domain.
e Multi-patch:

i 2
Logical &y, O, 05 > Connection between patches?

04 02 03

r r rs



Il. Semi-Lagrangian scheme on multi-patch
1. Local spline regularities at the interfaces and generalisation

» N. Crouseilles et al. A parallel Vlasov solver based on local
cubic spline interpolation on patches. [CLS09]

spline 0 spline 2 spline 3 .
E 3 — regularities L
X S/(Xi) = Z Aijfi-f—j’ (7)
. X
' 0 . e j=—10
: CY — instabilities.
C' — Hermite boundary conditions. with given weigths {a;}; (&g = 0), and Ax the uniform cell
length.
Assumptions/limitations: » Study only applied to cubic splines. » {Break points} C {interpolation points}.
Hermite interpolation polynomials: (Hy, H;, Ko and K; cubic polynomials.)
P(a+x(b — a)) = f(a)Ho(x) + f(b)H1(x) + (b — a)f' (a)Ko (x) + (b — a)f' (b)K; (x). ®)
s/(X,':1 ) P S,(XF = S/(X;r) P, S/(XiJJJ )
s ,) sty =sey || sty
X cell — X Xf+ cell + X’:H

Imposing C2 continuity P’/ (x )= Pﬁﬁ(x,.*) enforces the Hermite polynomials to be equal to an equivalent global
cubic spline defined on both cells.



II.2. Generalisation of the formula with Hermite polynomial

Relation between three derivatives

VYNL,NB > 1 number of cells,
Relation (9) at x;

=
l—\ /\.\‘_./\ ,/{ X
Xi_nL? Xi—1 Xi Xit1 Xi nR?

Recursivity:
» Forward: withn > 0,
RER
1
— 5
l—\ /\.\. /\ 4/’)(

Xi—1X; (10) XitNR

» Backward: withm > 0
i—1

—m
—~_ /1\.
Xi_NL Xi

(11

(10)

A,

XiNR

Imposing C2 continuity P’ (x,”) = P’/ (x;") gives

s'(x1) = v + s (xi 1) + Bis' (Xi14), )
with g, B, % € R, 5 = Sh__q Vi
(10)

S,(X;) = Cq,n + a{],nsl(leﬂ) + bl1 7nS,(X,',1 )7

s'(x;) = C;,,,NR + ain,NRS/(X/ (NA) T bmeRS,(Xifm) (11)

: i i i i _ n i
with am,mbm,m Cmn €ER, Cpp= D k=—m wk,m,nfi-%—k’
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II.2. Generalisation of the formula with Hermite polynomial
Application to multi-patch: use a matrix system

For each interface /, s'(X) = ¢ +a's'(X1) + bs' (K1) (12)

(Notation: a' = a‘\lﬁ,N,L-)

s'(Xp) patch 1 S'(Xyq) patch 2 S'(Xp) patch 3 s'(X3) patch 4 S'(Xy)

For Np = 4 patches,
Np + 1 = 5 interfaces,

Xo X A2 A3 Xy
N1L cells |’ Nf cells , Né cells \“ N? cells
Né cells “ N’; cells
s'(Xy) c' +b's'(X)
) 1 —a i
: -2 1 —a° : ;
s=| s | = . ] ] c =1-M)~'C (13)
, : _pr*1 1 :
s’ (X, -1) et @S ()
Matrix size N, — 1 x N, — 1 — small matrix system! Exact derivatives!
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I1.3. Approximation of the exact 1D formula
Behaviour of (¢, a',b') when Nt ,NF — oo ?
(12):  &'(x) =/ +a's'(Xq) + b8 (X1_y)

NR

NI trunc

» For Ny = Nk = NF =" fix — bt = w! fiik
F= = ZszN,L KL NATHK k=—NE “kNENR TR
runc I,trunc*" "l trunc
Behaviour of the aj, n, and by, , coefficients L N
according to the number of cells N;.Uniform case. according to the number of cells N; :
102 LSS Uniform case.
g N
:g 10-6 4 N“ < "'l" machine error: 10716
b~ ~.
§ 10-10 \\\\ = T Wequiv, k
2 N BN N; =40
% 1071 (2= v3)M] N I“I” . N, =30
8] — okl e i N— |||“|||| lll - =20
s b3, i | N T Nr =10
% 10722 4 === machine error = 1016 \*\ Ny =2
; ~

2 | ® N=28 N
<10 ¢ N=10 .

T T T T T T — —3 — —

i 10 20 20 0 0 40 30 20 10 0 10 20 30 40

N7, Number of cells on the left and right patch of the interface. Index k of the weigth wy, for k = —Np, ..., Ny.



I1.3. Approximation of the exact 1D formula
(12): /(X)) =c' +as'(x) +b's'(X_q)

s'(Xp) patch1  s'(xy) patch 2 s'(Xp) patch3  s'(xg) patch 4 s'(Xy)
_n-'o.,_ -

For NF, NP > 30, v,

1,%
¢ 30
. !
S — Ciunc = : , s(&)) ~ E Wy 30,30 i+k
cMNo—1:% k=—30
— Pseudo-local systems.
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Il. 4. 2D Multi-patch

Conforming case: 2D splines are a tensor product of 1D splines = direct application of the 1D case.

1D §'(X) = +as' (A1) + /8" (X _4)

1D resolution for derivatives along y.

0xs(X,y;) = ¢’ + aloxs(Xi11,y)) + b'Oxs(X1_1,¥))

dys(xi, Yy) = ¢ +a’dys(xi, Yy1) + b7 0ys(xi, Y 1)

X X X X X Cross-derivatives. 8xys(Xl,yj) = Clay + a’axyS(X/+1 ,,V]) + blaxyS(X/_1 ’y/)

1D resolution for
derivatives along x.

X
Non-conforming case: Not always an order to compute the derivatives and
cross-derivatives using all the information.
— Approximation may be a better solution for some cases.
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lll. Numerical results
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lll. Numerical results .
1. Advection on non-conforming mesh

Error wiith respect to the exact fonction
of a rotation on refined global domain of
[121, 256] cells with dt = 0.01:

ML (020 (AT [Sregined = feaart]) = 8.851€-02

L5

= 00

“10

0.08

0.06

0.01

0.02

0.00

0.02

001

0.06

~0.08

Error with respect to the exact fonction
of a rotation on 3 uniform patches of
[21, 128), [76, 256], [24, 128] cells with dt = 0.01.

T 02010 St — fre]) = 1.288e-01
15
i
05

= oo] 4F

-10

010

005

0.00

~0.05

~0.10

Error with respect to the exact fonction
of a rotation on coarse global domain of
121, 128] cells with dt = 0.01

102000 S~ fovni]) ~ 2.361€-01

L5

00

“10

Error of the spline representations with respect to the exact function.

00

—01

—02

coarse spline
= local splines
= refined spline

LW
i ‘lll"\,u‘;‘l”‘ 1y

|H|,\n,\l

AhARAGA

|‘:‘nl‘\y |,\|'l"‘ i

K] ]

| 1 vy NEARARS

= ”‘,\’\, 1\\"‘,\,‘,"'\,\,\“,\1\1 \lll )I' iv A’ x,v k uka{ /)

5 n | e ,.,-‘h""“""’m'v ~ Ap

2 V1 pgemtr

Foot = ] ] ] . ] ] ]
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00



lll. Numerical results o

2. Advection on mesh with T-joints
T-joint = connection between at least three patches, where an edge of one patch is not fully connected to the edge of
another patch along its entire length.

Rotation on 5 uniform patches

Rotation on global domain of [42, 255], [38, 86], [38, 86], Difference between the local splines and global spline,
of [128, 255] cells with dt = 0.01. [38, 86], [48, 255] cells with dt =0.01 1Tl 2.0) (ML St = Sytotat]) = 5.9T8e-13

L5 154 w101

1.0 1.0+ 1

0.5 0.5 2

0.0 = = o004 b 0
—0.5 —0.5 —0.5 4 -2
-10 ~10 ~1.04 —1
-1.5 —-1.5 -1.54

T T T T T T T
10 05 0.0 5 1.0 —0.5 0.0 0.5 1.0 ~10 05 o] 0.5 L0

Global spline Local splines Difference



lll. Numerical results ) o
3.Diocotron on non-uniform mesh with T-joints

Density p st~ 005

ExB .
Op+ —a Vp=0,
ST (15) -
Ap = —p, ¢ = 0on oQ

» Local refinement with T-joints + "ill-placed" interface.
Diocotren instability simulation on 5 uniform
patches of [4, 255], [72, 85], [72, 85],
[72, 85], [48, 255] cells with dt = 0.1.

Diocotron instability simulation on global
domain of [124, 255] cells with dt = 0.1.

Lo 1.0
L5 L5

0.5+ 0.5
Lo L0
= (.0 05 = 00 { 0.5
0.0 0.0

0.5 —0.5 4
0.5 —0.
~10 : , L g —L
—10 05 00 05 10 1.0
@
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Densiy g 3tt ~ 5005 Densiy patt = 700

Difference between the local splines and global spline,
AT (0/70] (ML 1ot — S yionar|) = 5.419€-09.

L0 x10-7
0.5
9
= 00 0
L =05
? —4
0 : . .
1o 05 00 05 10
m
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V. Conclusion and perspectives

» Advection on a multi-patch geometry (with BSL + B-splines) = compute derivatives at the inner interfaces.

» Generalisation of formula s’(x;) = 2.10 if,urj (from N.Crouseilles, G.Latu and E. Sonnendriicker’s article. [CLS09])

=—10 Ax
» Provide exact and approximation formulas. P. Vidal et al. Local cubic spline interpolation
» Work on » uniform and non-uniform meshes. for Vlasov-type equations on a multi-patch

» conforming and non-conforming meshes. geometry. Submitted, available on
» meshes with T-joints. http://arxiv.org/abs/2505.22078,

> Study of interpolation on geometries with X-point.
> Application to higher dimension equations
(e.g. drift-kinetic equations (2X - 2V), ...)

> Optimization for exascale simulations

(porting on GPU work in progress).
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APPENDIX: General of the formula with Hermite polynomials
Exact relation of derivatives at three consecutives points

Imposing C? continuity P” (x;”) = P/ (x;") gives

S'(x7) = i+ ais'(x4) + B’ (xy), (16)
with
3 1 AXT L Ax AxT - Ax; -
TE2nx v [A T T \ax T axT)T T Ak
—1 Ax;
P 17
o 2 Ax+ Ax” (17)
Bi = -1 Ax;'
"2 AT+ AXT
with Ax;™ = x7, — x" and Ax7” = Xx7 —x_;. — not especially Ax;" = Ax;".

Derivative equal to the derivative of a global spline defined on the two cells.
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APPENDIX: Recursive formula for the coefficients - Forward

» Forward: with n > 0,

S'(x1) = Ch 1 + @1 pe1S' Kisnr1) + By a8 (Xim1),

i
Cia =7
a =0
11,1 =B
¢l = ———— [+ il
1 =By
i ot
Ao = T b
— Bt
b Bi
L
— iBit1

The c coefficient can be seen as a sum of {fy }:

MAX-PLANCK IPP/NMPP | PAULINE VIDAL ET A

(18)
i
. 1 . . a, .
i _ i i : o i
Cpy1 =~ |Cn T 81 0%+n = Bitn 5 Cin—1
1. —
1— /Bi+na/‘7n 1,n—1
1.n-1
i
; B a17nai+n
a1,n+1 - 4 (19)
1 o B '1,n
i+ng
1.n-1
i
. 1 . a ,
i _ i X > i
b1,n+1 - 4 by — Bitn i b1,n—1
a a1 n—1

1.n
1— ﬂi+n a
1.n-1

i _\\n i A
Ol it = 2ok=—1 % 1,1 fik:
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APPENDIX: Recursive formula for the coefficients - Backward

» Backward: with m > 0,

/ i i / i /
S(Xi) = Cpy 1 nr + @pyy wrS (Xisnm) + By nrS (Xi(m1)) (20)
1 e
i i i m,N U
Cmit1,NA = b |:cm,NR + bm,NR'Yi—m - Qi—m b cm—1,NR:|
) 1 ) ) 1= i ™2 m—1,NA
Conn = : [CILNH + bQ,an} m—1.87
s 1 _b1,NROé/._1 ) bi B
. b m,NRPi—m
i A= ———
b, o Pl N T
= - i—m
2N 1-— b{].NH(Y,',1 bm—l,NH
: a i 1 i b n
ay nr = 1,N7 AmaNe =~ 5 B |:aN.,m T QXimmg am_1,NR
’ 11— b; NA G —1 1—ai_m 7 m,N m—1,NR
’ m—1,NR
(21)
. e . o NA i
The c coefficient can be seen as a sum of {fi}: ¢/, ya = SR ity Wk mor we ke
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APPENDIX: Explicit formula for uniform patches

» For uniform per patch mesh, to lighten the notation m = Nt, n = NF,

al s
—UmU1
wl’(m.n = 3(71)!( o T T k=n,
' UmlUn + UmUp_1@3 4 + Unum71b1_1
%14
o (=1)""usa} yum ol a1y 2t Um(Un k1 — Un k1) ke . n—1
= kmn — P\ 7 T =hL.,n=1,
M UmUn + UnUp_18) | 4 Unlm_1b} | UmUn + UmUn_18y ; + UpUm_1b] 4
[ /
—1)™ 'yl u 211 bia
Jo =1 Ziatn ] K mum(un —Up_1) = zg=Un(Um — Un_1)
0 Ul 4 UpUn_1@: 4 UpUpm_1b] "7 Wi ma =3(=1) , k=0,
men mEn-11 1 nHEm-17 o UmUn + UmUn_181 1 +Unum71bq1
n
/ ! bl
_ ] 1.1
Cmn = 2 @emafisks / kit e Un(Umikit — Umsk-1)
k=-m wk,m.n:S(_1) 7 /) k=—(m-1),.., -1,
UmUn + UmUn_1ay + Unumf1b1_1
/
2t youy
wl’(,m.n = 3(_1)k+1 o T I k= —m,
UmUn + UmUp_1@3 ; + Unum71b1_1
(22)
1 Ax~ 1 Ax™T
/ / k k
anda) ;= —-———— b}, =—-———— anduy, = 2+ V3)" — (2— V3),Vk e N.
" 2 Axt 4+ Ax-T 2 Axt 4 Ax- ( y = )
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