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Recurrences and Validated Numerics

e Recurrences are ubiquitous in computer-aided mathematics: spectral
methods for functional equations, dynamical systems, combinatorics,
asymptotics, ...

e They were extensively studied in numerical analysis: Olver, Miller, Wimp,
Clenshaw, Henrici, Barrio, ...

e Challenges for validated numerics: numerical instability, wrapping effect
= Tight bounds are difficult to obtain

e M. Mezzarobba. Rounding Error Analysis of Linear Recurrences Using
Generating Series. ETNA - Electronic Transactions on Numerical Analysis, 2023
= Connect the total error to the analytic properties of the initial problem
= Deduce a priori and realistic error bounds




1. Orbital Collision Probability Evaluation Algorithm

2. Roundoff Error Analysis using Majorizing Series

3. Numerical Examples
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Orbital Collision Probability

[Serra, Arzelier, Joldes, Lasserre, Rondepierre, Salvy — 2015]
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’ e Assumptions for Short Term
Encounter

e Extensively tested and approved
by CNES

e implemented for both ground
and onboard usage
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Algorithm: Computation of the Probability of Collision

Require: FP Parameters R, 0y, Oy, Xm, Ym; number of terms N.
Ensure: P,.y — truncated series approximation of P.

1: Evaluatep, ¢, wy, wy, Qi, Qz, Qs, Po, Py, Py, Ps;

PR Gy = coo36 = 00036 =000l = oo}

3 S=Ct+¢+C+C;

4: forn=4toN—1do

Q(n—1) + P, Q(m—2)+P
Cy = n—1 — Cn—2,
(n+1)n (n+1)n?
Q;(n—3)+ P, P,

n—3 ) Cn—a;

(n+1)n*(n—1) (m+1)n2(n—1)(n—2
6 S=S5+Cy;

7: end for

oo

return Po.y = exp(—pR?)s.

[Serra, Arzelier, Joldes, Lasserre, Rondepierre, Salvy — 2015]
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Algorithm: Computation of the Probability of Collision

Require: FP Parameters R, 0y, Oy, Xm, Ym; number of terms N.
Ensure: P,.y — truncated series approximation of P.

1: Evaluate p, b, wy, wy, Qi, Qs, Qs, Po, Py, Py, Ps;

PR Gy = cac36 = 000l = a0l = coof

3 S=Ct+¢+C+C;

4: forn=4toN—1do

Q(n—1) + P, Q(m—2)+P
5: Cn = n—1 Ch—2
(n+1)n (n+1)n?
Q;(n—3)+ P, P,

n—3 ) Cn—a;

(n+1)n*(n—1) (m+1)n2(n—1)(n—2
6 S=S5+Cy;
7: end for

8: return Po.y = exp(—pR*)s.

initial terms
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Algorithm: Computation of the Probability of Collision

Require: FP Parameters R, 0y, Oy, Xm, Ym; number of terms N.
Ensure: P,.y — truncated series approximation of P.

1. Evaluatep, ¢, wy, wy, Qi, Q;, Qs, Po, Pi, Py, Ps;

PR Gy = coo36 = 00036 =000l = oo}

3 S=Ct+¢+C+C;

4: forn=4toN—1do

_ Qin—1) + P, 7@(H*Z)+PIC
5 n = (n+1)n n—1 (n+1) 2 n—2
Q(n—3)+P, P,
> 3 — Cn—y;

(n+1)n2(n—1)
6 S=S+Cy

(mn+1)n2(n—1)(n—2)

7: end for

oo

return Po.y = exp(—pR?)s.

initial terms unroll the recurrence
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Algorithm: Computation of the Probability of Collision

Require: FP Parameters R, 0y, Oy, Xm, Ym; number of terms N.
Ensure: P,.y — truncated series approximation of P.

1: Evaluatep, ¢, wy, wy, Qi, Qz, Qs, Po, Py, Py, Ps;

PR Gy = coo36 = 00036 =000l = oo}

3§ =Cot+ ¢+ ¢+ C3;

4: forn=4toN—1do

Q(n—1) + P, Q(m—2)+P
Cy = n—1 — Cn—2,
(n+1)n (n+1)n?
Q;(n—3)+ P, P,

n—3 ) Cn—a;

(n+1)n*(n—1) (m+1)n2(n—1)(n—2
6: S =S+ Cy;

7: end for

oo

return Po.y = exp(—pR?)s.

initial terms unroll the recurrence sum the terms
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Algorithm: Computation of the Probability of Collision

Require: FP Parameters R, 0y, Oy, Xm, Ym; number of terms N.
Ensure: P,.y — truncated series approximation of P.

1. Evaluatep, ¢, wy, wy, Qi, Q;, Qs, Po, Pi, Py, Ps;

PR Gy = coo36 = 00036 =000l = oo}

3 S=Ct+¢+C+C;

4: forn=4toN—1do

Q(n—1) + P, Q(m—2)+P
Cy = n—1 — Cn—2,
(n+1)n (n+1)n?
Q;(n—3)+ P, P,

n—3 ) Cn—a;

(n+1)n*(n—1) (m+1)n2(n—1)(n—2

6:  S=S+Cy;

7: end for /\ preconditioning

return Po.y = exp(—pR?)s. to ensure ¢, > O

oo

initial terms unroll the recurrence sum the terms
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Algorithm: Computation of the Probability of Collision

Require: FP Parameters R, 0y, Oy, Xm, Ym; number of terms N.

Ensure: P,.y — truncated series approximation of P.
1: Evaluate p; d)) Wy, (.Uy, Qll QZ; QS) PO) Plr PZ; P}‘)

2: Co= .30 =...5C, = ...;C3 = ...}
3: § =Co+ ¢+ + ¢t
4 forn=4toN—1do

explicit truncation
error bounds

Q(n—1) + P, Q(m—2)+P
Cy = n—1 — Cn—2,
(n+1)n (n+1)n?
Q;(n—3)+ P, P,

n—3 ) Cn—a;

(n+1)n*(n—1) (m+1)n2(n—1)(n—2

6:  S=S+Cy;

7: end for /\ preconditioning

return Po.y = exp(—pR?)s. to ensure ¢, > O

oo

initial terms unroll the recurrence sum the terms
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How this algorithm works in a nutshell

P = exp(—pR*E)f(E)atE =1
f(f,) =C+aE+0E 4+, &+ ..

[= ensuresc, > O]

differential equation on f (&)

T
1
1
1
1
v

Recurrence on the coefficients c,: N

def
¢n = Oepy + Ocys + Ocys + Ocpy Po:y = exp(—pR*) Z e~ P
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How this algorithm works in a nutshell Laplace transform
P = exp(—pR*E)f(&)até =1 f(?\) = {explicit function of)\}
flE)=cotaé+cE+ -+ &+ .. =Co+ A+ 200N + - F nle, A" + .

[= ensuresc, > O]

1
1
1
1
1
v

differential equation on f (&)

T
1
1
1
1
v

Recurrence on the coefficients c,: N

def
¢n = Oepy + Ocys + Ocys + Ocpy Po:y = exp(—pR*) Z e~ P
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How this algorithm works in a nutshell Laplace transform
P = exp(—pR*E)f(&)até =1 f(?\) = {explicit function of)\}
flE)=cotaé+cE+ -+ &+ .. =Co+ A+ 200N + - F nle, A" + .

[= ensuresc, > O]

=, B ~ Py —PA+ PN — PN
F'0) = o F ) o) = L A B
Recurrence on the coefficients c,: N
def
¢n = Oepy + Ocys + Ocys + Ocpy Po:n = exp(—pR?) Z e~ P
n=1
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How this algorithm works in a nutshell

Laplace transform

P = exp(—pR*E)f(E)atE =1
f(f,) =C+aE+0E 4+, &+ ..

~

f(a) = {explicit function of)\}

=Co+ A+ 26A% + -+ nle, "+

. [= ensuresc, > O]
I
1
hd

=, B ~ Py —PA+ PN — PN
f'A) = e(A)f(A) e(A) = 1— QA+ QA — QN
Q(r—1)+ P Qm—2)+P
= n—1
(m+1)n (n+ 1)n? o N—1
Qn—3)+P 2 Pon = exp(—pR*) ) ¢~ P
(n+1)nl(n—1)cnf3 (m+1)n2(n—1)(n—2) S n=1
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How this algorithm works in a nutshell

Roundoff error bound for |3~90:N — Ponl?

e standard binaryé4 (no interval arithmetic, no multiprecision)
~» efficiency/architecture constraints

e N can belarge! (N = 100, 1000, 10000, ... )

= A priori bounds using majorizing series techniques for round-
off analysis of linear recurrences

Cp =

Q(n—1)+Poc _ Qr—2)+P

m+1n " m+1m " N
Q(m—3)+P, P, Poy & exp(—pR?) D am?
(n+1)n2(n—1) s ™ (m+1)n2(n—1)(n—2) = n=1

\\/ 4




1. Orbital Collision Probability Evaluation Algorithm

2. Roundoff Error Analysis using Majorizing Series

3. Numerical Examples



Error model for floating-point arithmetic
e Precision p binary floating-point arithmetic (e.g., p = 53 for binary64)

e unbounded exponent range (= no underflow, no overflow)
e round-to-nearest mode for arithmetic operations x € {+, —, x, =+, Vi

axb=(axb)(1+e) le| <utoP




ROUNDOFF ERROR ANALYSIS
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Error model for floating-point arithmetic

e Precision p binary floating-point arithmetic (e.g., p = 53 for binary64)
e unbounded exponent range (= no underflow, no overflow)
e round-to-nearest mode for arithmetic operations x € {+, —, x, =+, i
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Error model for floating-point arithmetic

e Precision p binary floating-point arithmetic (e.g., p = 53 for binary64)
e unbounded exponent range (= no underflow, no overflow)
e round-to-nearest mode for arithmetic operations x € {+, —, x, =+, i
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Error model for floating-point arithmetic
e Precision p binary floating-point arithmetic (e.g.,p = 53 for binary64)

e unbounded exponent range (= no underflow, no overflow)
e round-to-nearest mode for arithmetic operations x € {+, —, x, +, i

.(a+bc(1 +¢e%®))
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Error model for floating-point arithmetic
e Precision p binary floating-point arithmetic (e.g.,p = 53 for binary64)

e unbounded exponent range (= no underflow, no overflow)
e round-to-nearest mode for arithmetic operations x € {+, —, x, +, i

.(a+bc(1 +e®))(1

(@adb®c)—(a+bc) =
ae” +be[(1+eP)(14+6%) —1]

1], 1e®] < u & 2P
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Error model for floating-point arithmetic

e Precision p binary floating-point arithmetic (e.g.,p = 53 for binary64)

e unbounded exponent range (= no underflow, no overflow)
e round-to-nearest mode for arithmetic operations x € {+, —, x, +, i

.(a+bc(1 +e®))(1

(@adb®c)—(a+bc) =
ae” +bel(1+eP)(1+e®)

1], 1e®] < u & 2P

_1]

Notation ([Higham, Accuracy and Stability of Numerical Algorithms — 2002])

(1te)...(1+e) & (1+0,) 10, < v &
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Roundoft errors in the algorithm

Require: FP Parameters R, 0, 0y, X, ym; number of terms N.
Ensure: P,.y — truncated series approximation of P.

1: Evaluatep, ¢, wy, wy, Qi, Q,, Qs, Po, Py, Py, Ps;

20 Co = ...;0 = ...;C = ...56=...;

3t §=Co+ €+ €+ G35

4 forn =4toN —1;do
Q;(n71)+Poc Q(n—2)+P,

5: Cn = n 17 T (g Cn—2
Q;(n—3)+P, Py .
t Gt () 3 T e e (2 4

6: S =S+ Cy;

7: end for
8: return Poy = exp(—pR?)s.
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Roundoft errors in the algorithm

Require: FP Parameters R, 0y, 0, X, Vm; Dumber of terms N.
y

Ensure: P,.y — truncated series approximation of P.
1: Evaluate p, d, wy, wy, Qi, Q, Qs, Po, Py, Py, Ps;
2: Co=...;6 = ...;0 =...56=...;
3t §=Co+ €+ €+ G35

4 forn =4toN —1;do

_ Ql(nfl)JFPo Qz(nfl)“’Pl
5 = T e 1T T (e iz

Q;(n—3)+P, P .
T T = 3 T T (e imz) S

6: S =S+ Cy;

7: end for

8: return Poy = exp(—pR?)s.

Initial errors
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Roundoft errors in the algorithm

Require: FP Parameters R, 0y, 0, X, Vm; Dumber of terms N.
y

Ensure: P,.y — truncated series approximation of P.
1 EVaIuate p’ (bt ('Ux) wy; Ql) QZ) QS; PO: Pl; PZ) P3;

20 Co = ...;0 = ...;C = ...56=...;
3t §=Co+ €+ €+ G35

4 forn =4toN —1;do

_ Q—1)+R Q(1—2)+P,

5 Cn = (n+1)n Cn—1 — (n+1)n2 Cn—z
Q;(n—3)+P, P .
T T =0 i3 T T (e i—z) S

6: S =S+ Cy;
7: end for
8: return Poy = exp(—pR?)s.

Initial errors Local errors
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Roundoft errors in the algorithm

Require: FP Parameters R, 0y, 0, X, Vm; Dumber of terms N.
y

Ensure: P,.y — truncated series approximation of P.
1 EVaIuate p’ (bt ('Ux) wy; Ql) QZ) QS; PO: Pl; PZ) P3;

20 Co = ...;0 = ...;C = ...56=...;
3t §=Co+ €+ €+ G35

4 forn =4toN —1;do

_ Q—1)+R Q(1—2)+P,

5 Cn = (n+1)n Cn—1 — (n+1)n2 Cn—z
Q;(n—3)+P, P .
T T =0 i3 T T (e i—z) S

6: S =S+ Cy;
7: end for
8: return Poy = exp(—pR?)s.

Initial errors Local errors — Global errors
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Roundoft errors in the algorithm

Require: FP Parameters R, 0y, 0, X, Vm; Dumber of terms N.
y

Ensure: P,.y — truncated series approximation of P.
1 EVaIuate p’ (bt ('Ux) wy; Ql) QZ) QS; PO: Pl; PZ) P3;

2: Co=...;00=...50=...56=...;
3§ =Co+ ¢+ ¢+ G35

4 forn =4toN —1;do

_ Q(n—1)+Py Q. (n—2)+P;
5: Cp = (nr1)n Cp—1 — (O Cp—2
Q;(n—3)+P, P .
T T = 3 T T (e imz) S

6: S =S5+ Cy;
7: end for
8: return Poy = exp(—pR?)s.

Initial errors Local errors — Global errors Summation errors
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Roundoft errors in the algorithm

Require: FP Parameters R, 0, 0y, X, ym; number of terms N.
Ensure: P,.y — truncated series approximation of P.

1: Evaluate p, d, wy, wy, Qi, Q, Qs, Po, Py, Py, Ps;

2: Co=...;6 = ...;0 =...56=...;

3§ =Co+ ¢+ ¢+ G35

4 forn =4toN —1;do

_ Q(n—1)+P Q (n—2)+P
5 tn = (n+1)n Cn—1— (n+1)n2 Cn—2

Q;(n—3)+P, P .
T T =0 i3 T T (e i—z) S

6: S =S5+ Cy;

7: end for

8: return Poy = exp(—pR?)s.

Initial errors -+ Local errors — Global errors -+ Summation errors




Initial and local errors using standard roundoff analysis
e Initial errors (loop-independent parameters):
xZ

e 1
Wy = m4 Wy == (% @ %) @ ((0x ® 0x) ® (0 ® 0y))
40y 4
= ‘a)xfwx| <Y5wx

~»  Similar bounds for the other parameters ~~ P;, Q;




Initial and local errors using standard roundoff analysis
e Initial errors (loop-independent parameters):
xZ

_ 1
wxzim‘t Wy == (% @ %) @ ((0x ® 0x) ® (0 ® 0y))
40% 4
= ‘a)xfwx| <Y5wx
~»  Similar bounds for the other parameters ~~ P;, Q;

e Local errors ¢, (at each iteration):

~ _ Qn—1)+ P Q,(n—2)+P._

= ——"""""5. b (T,
(n+1)n (n+1)n?
Q(n—3)+P, - 1%

[

(m+1)n*(n—1) L (m+1)n*(n—1)(n—2)

Q(r—1)+P, . Q,(n—2)+P .
< n— =
l€n] 'Y4o< (n+1)n [Cy—i| + (n+1)n [Cy—|

P

Q;(n—3)+ P, e
(m+1)n2(n—1)(n—2) s

(n+1)n*(n—1) sl +
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Global error: Outline

following [Mezzarobba 2020]

TE +o00o
f(‘i) — Cné" :~ _ — = n
! Z 5(£) =F18) = (& ;(cn : 6)E
fo = ZW!C;J\” : [B(A) ~ &(£)] ' [solve for g()\)]
F'N) —eWf(A) =0 5'(A) — @(N)B(A) =€)
| LY ()]

& — U +0c,
=065 06-1r=6

571 -0 6n—l + O 671—2
— 08,5+ 08,y = &,

: ' [bound ¢,]
¥ too ' +oo +00
f(l):s: [ > 6(1) ::Sva:ZFEn—ZCn
=0 n=o0 n=0




Global error: Differential inequality

Recall that forc, = ¢, + 6,

8y — 08,y + 08y — O8py + 08,y = &

leal < Vio (Dfersl + Dleual + Dl + Dal)  vio v a0u




Global error: Differential inequality

Recall that forc, = ¢, + 6,

8y — 08,y + 08y — O8py + 08,y = &

leal < Vio (Dfersl + Dleual + Dl + Dal)  vio v a0u

Hence we obtain a differential inequality:

s )

§'(A) — @(NBA) < Yo [ WAF(A) + (... )8"(A) + (... )3(A)

small

[W(A) = {an explicit rational function in A}]

a(A) < b(\) means |a, <|b,] forall n>o




Global error: Linearized bound

e Differential inequality:

A —eNfN) =0 ] [

~

5'(A) — (M) < 40uw(A)f(A) +o(u)

[W(A) an explicit rational function]

e Solve to obtain an upper bound (neglecting o(u) terms):

B(A) < (50 +4ou\ym)f(>\) Y(A) défj V(o)do

10




Global error: Linearized bound

e Differential inequality:

A —eNfN) =0 ] [

~

5'(A) — (M) < 40uw(A)f(A) +o(u)

[W(A) an explicit rational function]

e Solve to obtain an upper bound (neglecting o(u) terms):

SN < (o + 40uWN)) fA) Y(A) défj ¥(0)do

~

S
’ ~

relative error on ¢, propagation of local errors

10




Global error: Linearized bound

e Differential inequality:

A —eNfN) =0 ] [

~

5'(A) — (M) < 40uw(A)f(A) +o(u)

[W(A) an explicit rational function]

e Solve to obtain an upper bound (neglecting o(u) terms):

SN < (o + 40uWN)) fA) Y(A) défj ¥(0)do
relative error on ¢, propagation of local errors

N ’
’

e Inverse Laplace transform using * Maple 7

2z

+o00 \‘\ ,"
8@l = Y =l < (o +40uC) (1) +o(w)

def 7 8. (7 1 ¢ (9 s 15 3
cE 9—6p3wa +(ap+ wa) P*R +<1p+2wx+xwy>pR4+<£p + wy + 3wy) R*

10




ROUNDOFF ERROR ANALYSIS
O000000e

Total roundoff error

Linearized bound

Poy — Po:
| o:N O.N| < ym—i—4OC+N+ZPR +8 u+o(u)
P G}C o5

def 7 8 7 1 6 9 5 15 3
G= 96p3wa +(ap+ ;wx> P°R +<Zp+4—wx+1wy pR"—l—(;p—O— Wy +3wy> R*

J

.

[initial erroronc, globalerroronc, summationerror final rescaling]

e The required number of terms N depends on the parameters
(— truncation error bound), and N < C in practice

e We also derived a rigorous (i.e., not linearized) total error bound

e We proved that the 64-bit exponent emulation is sufficient to avoid
overflows for realistic parameter ranges
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NUMERICAL EXAMPLES
(o] lele)

Analysis of a numerical example

[ R=5 o0x=50, 0,=1 X,=10, y,=0 = N=101 ]

float binaryé64
100000 ‘
1
10000
le-10
1000
1e-20
100
1e-30
10
1e-40 a
1e-50 ! : : ‘ :
o 20 40 60 g0 10 o 20 40 60 80 100

Cn I,En — G / Ucy




NUMERICAL EXAMPLES
(o] lele)

Analysis of a numerical example

[ R=5 o0x=50, 0,=1 X,=10, y,=0 = N=101

float binaryé64

1
1

le-10
le-10

1e-20
1e-20

1e-30
1e-30

1e-40
1e-40

1505 20 40 60 80 100 O 20 40 60 80 100

Cn {Enfcn|/”




NUMERICAL EXAMPLES
(o] lele)

Analysis of a numerical example

R=5 o0x=50, 0,=1 X,=10, y,=0 = N=101

interval binaryé4

1 le+16
le+14

le-1
e-10 1e+12
1620 1e+10
le+08
1le-30 1e+06
10000

1e-40
100
1e504 20 20 60 80 10 !

Cn rad(c,) /u




NUMERICAL EXAMPLES
(o] lele)

Analysis of a numerical example

[ R=5 o0x=50, 0,=1 X,=10, y,=0 = N=101 ]

float binaryé64 interval binaryé4 our bound
1.26 -10% u 3.85-10% u 6.05 - 10* u
=140 -10 " =4.27-107° =672-107 "

Obtained relative errors




NUMERICAL EXAMPLES
ooeo

Some more numerical examples

Case Input parameters (m) Relative Error
# Oy oy, R xp Im N Exact MPFI  (Lin. Bound) Full Bound
Test1 50 1 5 10 o 101 1.40e-14  4.27e-3 6.72€-12 6.72€-12
Chan1 50 25 5 10 o 49 5.86e-17  5.86e-15  6.48e-15 6.48e-15
Chans 3,000 1,000 10 1,000 [¢] 49 2.02e-16 7.41e-15 6.35e-15 6.35e-15
Chané 3,000 1,000 10 O 1,000 48 118e-16  5.6le-15 6.44e-15 6.44e-15

Alfano3 114.25 1.41 15 0.15 -3.88 1627 4.14e-12 1.15e54 7.07e-10 7.08e-10
Alfanos 177.81 0.03 10 2.12 -1.22 >1e7 4.35e-4 4€69380 4.87e-01 3.60e+00

Custom 1 1 1 10 1 1 543 6.96e-16 1.78e-13 1.53e-09 1.53e-09
Custom 2 1 0.8 10 1 1 969 2.73e-14 4.7€23 5.59e-09 5.60e-09
Custom 3 1 0.5 10 1 1 3805 7.74€-14 4.4€174 8.95e-08 9.00€e-08
Custom 4 1 0.2 10 1 1 95139 4.6e-12 21483 2.13e-05 2..22.e-05
Custom 5 1 0.1 10 1 1 >1e7 3.63e-8 16155 1.36e-03 1.59e-03
Custom 6 0.5 0.1 10 1 1 >1e7 1.49e-11 2e5988 1.66e-02 1.95e-02
Custom 7 1 0.05 10 1 1 >1e7 3.00e-6 4€24841 8.68e-02 1.70e-01
Custom8 0.2 0.05 10 1 1 >1e7 1.28e-9 2€23506  4.05e+01 7.40e+17
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NUMERICAL EXAMPLES
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Take Away Message
e Successful application of Mezzarobba’s FP error analysis to this POC
algorithm = a priori closed-form relative error bounds

e Provides rigorous and realistic error bounds that could not be obtained
using plain interval arithmetic

e Aninteresting alternative to fixed-point based a posteriori validation: the
rigorous computation part is “constant time” (i.e., not proportional to N)

e However, preliminary pen-and-paper work is still substantial, the class of
treated recurrences is limited (linear?), and error bounds are “worst-case”.
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