A model of oocyte population dynamics for fish oogenesis
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Fish oogenesis : Process which leads to the formation of eggs

Oocyte maturation in ovaries, under hormonal control (LH,FSH, , E2, DHP)

20 60 90 120 150 800 1200 ¢

2
2
S
©
i
S
&
>

3D reconstruction of an ovary Lesage et al. 2020



Hormonal control - cell interactions
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Hormonal control - cell interactions

Under fast hormonal dynamics assumptions, we can do a quasistatic
approximation on the hormonal dynamics: cell interactions are considered 'direct’
(instantaneous):
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Modeling



Quasilinear size structured pop. model

Oep(t,x) + O (N(P(t),x) p(t,x)) =0,x € (0,1), t >0
A(P(t),0) p(t,0) = r(P(t))
o(t = 0,%) = pox), x € (0,1)

with P(t) = (Pi(1))1<ien € RV, Pi(t) = [y wily)o(t, y)dy

e Growth speed A >0, A € C?([0,1] x [0, +00)V), in particular A has
a strictly positive mininum on any compact set.

e Recruitment rate r > 0, r € C?([0, +00), [0, +00)") , and
N
r(P) <nrn-+ Z r; P;
i=1

e Size-dependant hormonal expressions: Vi, w; > 0, lipschitz

continuous on [0, 1]
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Well-posedness, long-time behavior (stationary distributions,
periodic solution, stability )



Well-posedness

Theorem (Existence-Unicity of a global solution)

For each py € L*°(0,1), the problem
p€ C°([0, T]; L2(0,1)) N L>((0, T) x (0,1)), VT > 0. Furthermore, p

verifies :
p(t,x) = po(B)e” Jo ONP@OEONO ¢,() <x<1,0<t< T
pt,x) = PO e [LONPOLON glse

where i(s t,x) = N(P(s),&(s; t,x)),&(t; t, x) = x,
£(0) == £(6; t,x), &o(t) := £(£:0,0),
a and (8 verify £(a(t,x); t,x) =0, B(t,x) =¢&(0;t,x)

Proof : local well-posedness : characteristics method + Banach fixed point
argument applied to the integral equation with respect to P, and by
iterating we construct a global solution



Long-time behavior - state of the art

"Strategy” : Stationary densities are linked to an integral equation on P.
Local stability/instability can be determined by linearization.

e Semilinear model A = A(x) : PLS and Hopf bif.

Pierre Magal

th . Shigui Ruan
Theory and
e Quasilinear model with A = f(x)g(P) : PLS and AppIic)gtions
Hopf. bif. th. thanks to a time-rescaling of Abstract
s= Ji g(P(u))du Semilinear

(Cauchy Problems
e General Quasilinear model : good hope but not

yet established Barril et al. 2022 Dspringer

The study of the stationary model and of the linearized PDE is model
specific (depends on the recruitment rate, growth speed, weight functions)



Stationary solutions

Proposition
p € C1([0,1],R%) defined by

_ r(P)
= — on (0,1
509 = 3p 0y o 01
is a stationary solution if, and only if of

F : RN — RN defined by

F(P),-:/O w,-(x)/\ggfl)dx

As a corollary, if 1 is bounded, then there exists at least one
stationary solution (Brouwer's fixed point theorem).



Characteristic equation

Proposition
The spectrum of the operator associated to the linearized PDE is only

constituted of eigenvalues, which are the zeros of a characteristic
function. When N\(x, P) = f(x)g(P), this function is given by:

A(N) :=1-Vb(P)- /01 %e—xr(x)dx

with T(x) := fOX ﬁdy and b= ¢

To determine stability of stationary densities, we have to determine the
location of the roots of the characteristic equation in the complex plane.



Local stability

We assume (separable growth speed)
Proposition
If p is a steady state, and Vb(ﬁ) > 0, then :
e 7 is locally asymptotically stable if 1 > fol £ . Vb(P)

o 7 is unstable if 1 < [ < - Vb(P)

and transversality conditions of the Hopf bif. th. are never satisfied.
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Local stability

We assume P € R and b = é monotonous with respect to P.

— r(P)g(P)

— HPYg(P)
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If b is increasing or P is the total mass (w constant), then local stability is

easy to determine. If b is decreasing and w is not constant, then we have
to study the characteristic equation carefully.
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Hopf bifurcation

We consider a model parameter ¢, such that r = r(P, c,).

Proposition (Hopf bifurcation (section 6.2. in Magal and
Ruan 2018))

If a pair of conjugated simple eigenvalues of the linearized PDE around

*

the stationary density "cross the imaginary axis” in ¢, then for ¢, > c]
close to ¢, there exists a periodic density (i.e. p(t+ T,-) = p(t,-)).

Im(A;)
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L ]
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Back to oogenesis



Model behavior
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Model behavior
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Conclusion and perspectives

Study qualitatively a model encompassing all stages of oocyte growth and
with the whole hormonal dynamics.

e Formal long-time behavior analysis following recent works of Barril,
Calsina, Diekmann on quasilinear models

e Numerical bifurcation analysis after model reduction (to an ODE
system) by pseudospectral approximation (Scarabel, Vermiglio,
Breda,...)
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Inverse problem



Linear (adult) model identifiability

Aep(t,x) + Ox (F(x)p(t,x)) =0,x € (0,1), t >0
£(0)p(t,0) = r(z)
p(t =0,x) = po(x), x€(0,1)
If we observe for all times:
e S : spawn S(t) = f(1)p(t,1),
e p : density

e m: cumulated density m(t,x) = [; p(
Then the linear model is theoretically identifiable:

o r(t)=0:m(t,1)+ S(t)

r(t)—0:m(t,x Orm S Orm(t,x .
o F(x) = MOSBmE) _ BnensSO-0mEs) g fixeg
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Nonlinear (juvenile) model identifiability

Juvenile fish: only AMH feedback
Oep(t,x) + Ok (F (x) p(t,x)) =0,x € (0,1), t >0
£(0)p(t,0) = r(P(1))
(t =0.x) = o), x€(0,1)
P(t) = [y wamn(x)p(t, x)dx

If we observe (for all times):
e S : spawn (or outflux)

e m : cumulated density

e p: density | - =
s 126dpf.
Then the model is theoretically identifiable:
o r(P(t)) = 9em(t, 1) + 5(¢)

Orm(t,x 9:m(t,1)+S(t)—0rm(t,x .
o flx) = HEENAmEs) _ AmE+SI o) fixed
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PINN methodology - nonlinear model

%029 40 (A(P(t), x)p(t,x)) = 0
A(P(r) 0)p (r o> = r(P(t))
fo p(t, x)dx

The idea is to rewrite the PDE to avoid the approximation of the integral
terms P(t fo p(t,x)dx by quadrature methods:

16



PINN methodology - nonlinear model

9p(t,x)

e+ & (M(P(t), x)p(t, x)) = 0
/\(P(t) 0) (f 0)* r(P(t))
jo p(t, x)dx

The idea is to rewrite the PDE to avoid the approximation of the integral
terms P(t fo p(t, x)dx by quadrature methods:

9t D (A(M(t, 1), x)p(t,x)) = 0
/\(M(t, 1),0)p(t,0) = r(M(t, 1))

OM(t,x) = w(x)p(t,x)
M(t,0) = 0
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PINN methodology - nonlinear model
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Linear BINN on synthetic data

We generate data at the same time points as the experimental data, with
individual-dependant growth rate and recruitment rate : Individual / :
fi(x) = af (1 4+ 50x2) + €f with af ~ A (1,0), € ~ #(0,0) and
ri(t) = af(2 4 sin(8(t + 2))) + € with af ~ A(1,0), €/ ~ A4(0,0)
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Perspectives : Inverse problem

Fit the model on true data to investigate the recruitment dynamics
(linear model) and feedback mechanisms (nonlinear model):

e AMH feedback with juveniles data

e E2 — VTG feedback loop with data of fish exposed to endocrine
disruptors

e DHP feedback with spawning cycle data
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