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F  : P       

Oocyte maturation in ovaries, under hormonal control (LH,FSH, AMH, E2, DHP)

3D reconstruction of an ovary Lesage et al. 2020
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H  -  
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H  -  

Under fast hormonal dynamics assumptions, we can do a quasistatic

approximation on the hormonal dynamics: cell interactions are considered ’direct’

(instantaneous):
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M



Q   . 





∂tρ(, ) + ∂x (Λ (P(), ) ρ (, )) = 0,   (0, 1),  ≥ 0

Λ (P(), 0) ρ (, 0) = (P())

ρ( = 0, ) = ρ0(),   (0, 1)

with P() = (Pi ())1≤i≤N  RN , Pi () =
 1

0
ωi ()ρ(, )d

• Growth speed Λ > 0, Λ  C 2([0, 1]× [0,+∞)N), in particular Λ has

a strictly positive mininum on any compact set.

• Recruitment rate  ≥ 0,   C 2([0,+∞), [0,+∞)N) , and

(P) ≤ 0 +
N
i=1

iPi

• Size-dependant hormonal expressions: ∀ , ωi ≥ 0, lipschitz

continuous on [0, 1]
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Q   . 





∂tρ(, ) + ∂x (Λ (P(), ) ρ (, )) = 0,   (0, 1),  ≥ 0

Λ (P(), 0) ρ (, 0) = (P())

ρ( = 0, ) = ρ0(),   (0, 1)

with P() = (Pi ())1≤i≤N  RN , Pi () =
 1

0
ωi ()ρ(, )d

• Growth speed Λ > 0, Λ  C 2([0, 1]× [0,+∞)N), in particular Λ has

a strictly positive mininum on any compact set.

• Recruitment rate  ≥ 0,   C 2([0,+∞), [0,+∞)N) , and

(P) ≤ 0 +
N
i=1

iPi

• Size-dependant hormonal expressions: ∀ , ωi ≥ 0, lipschitz

continuous on [0, 1]

W-, -  ( ,

 ,  )
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W-

T (E-U    )

F  ρ0  L∞(0, 1),       

ρ  C 0

[0,T ]; L1(0, 1)


∩ L∞ ((0,T )× (0, 1)), ∀T > 0. F, ρ

 :




ρ(, ) = ρ0(β)
−

 t
0
∂xΛ(P(θ),ξ(θ))dθ, ξ0() ≤  ≤ 1, 0 ≤  ≤ T

ρ(, ) = r(P(α))
Λ(P(α),0)

−
 t
α
∂xΛ(P(θ),ξ(θ))dθ 

(1)

 dξ
ds (; , ) = Λ (P(), ξ(; , )) , ξ(; , ) =  ,

ξ(θ) := ξ(θ; , ), ξ0() := ξ(; 0, 0),

α  β  ξ(α(, ); , ) = 0, β(, ) = ξ(0; , )

Proof : local well-posedness : characteristics method + Banach fixed point

argument applied to the integral equation with respect to P , and by

iterating we construct a global solution
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L-  -    

”Strategy” : Stationary densities are linked to an integral equation on P .

Local stability/instability can be determined by linearization.

• Semilinear model Λ = Λ() : PLS and Hopf bif.

th.

• Quasilinear model with Λ =  ()(P) : PLS and

Hopf. bif. th. thanks to a time-rescaling

 =
 t

0
(P())d

• General Quasilinear model : good hope but not

yet established Barril et al. 2022

The study of the stationary model and of the linearized PDE is model

specific (depends on the recruitment rate, growth speed, weight functions)
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S 

P

ρ̄  C 1([0, 1],R∗
+)  

ρ̄() =
(P)

Λ(P , )
 [0, 1]

    ,    P     

F : RN → RN  

F (P)i =

 1

0
ωi ()

(P)

Λ(P , )
d

As a corollary, if r
Λ is bounded, then there exists at least one

stationary solution (Brouwer’s fixed point theorem).
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C 

P

T         PDE  

  ,       

. W Λ( ,P) =  ()(P),     :

∆(λ) := 1−(P) ·
 1

0

ω()

 ()
−λΓ(x)d

 Γ() :=
 x

0
1

f (y)d   = r
g

To determine stability of stationary densities, we have to determine the

location of the roots of the characteristic equation in the complex plane.
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L 

We assume Λ( ,P) =  ()(P) (separable growth speed)

P

I ρ    ,  (P) ≥ 0,  :

• ρ      1 >
 1

0
ω
f ·(P)

• ρ    1 <
 1

0
ω
f ·(P)

     H . .   .
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L 

We assume Λ( ,P) =  ()(P) (separable growth speed)

P

I ρ    ,  (P) ≥ 0,  :

• ρ      1 >
 1

0
ω
f ·(P)

• ρ    1 <
 1

0
ω
f ·(P)

     H . .   .

P

I ω() ≡ ω  RN  ,  :

• ρ      1 >
 1

0
ω
f ·(P)

• ρ    1 <
 1

0
ω
f ·(P)

     H . .   .
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L 

We assume P  R and  = r
g monotonous with respect to P .

 increasing  decreasing

If  is increasing or P is the total mass (ω constant), then local stability is

easy to determine. If  is decreasing and ω is not constant, then we have

to study the characteristic equation carefully.
10



H 

We consider a model parameter r , such that  = (P , r ).

P (H  ( 6.2.  M 

R 2018))

I          PDE 

   ”   ”  ∗r ,   r > ∗r
  ∗r ,      (.. ρ( + T , ·) = ρ(, ·)).
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B  



M 

• Unique stationary

density (quasilinear

model), stability?

• Unique stationary

density (quasilinear

model with separable

growth speed), periodic

densities can appears
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M 

• Unique stationary

density (quasilinear

model), stability?

• Unique stationary

density (quasilinear

model with separable

growth speed), periodic

densities can appears

PostV model, bifurcation analysis w.r.t. the basal recruitment rate
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C  

Study qualitatively a model encompassing all stages of oocyte growth and

with the whole hormonal dynamics.

• Formal long-time behavior analysis following recent works of Barril,

Calsina, Diekmann on quasilinear models

• Numerical bifurcation analysis after model reduction (to an ODE

system) by pseudospectral approximation (Scarabel, Vermiglio,

Breda,...)
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I 



L ()  





∂tρ(, ) + ∂x ( () ρ (, )) = 0,   (0, 1),  ≥ 0

 (0) ρ (, 0) = ()

ρ( = 0, ) = ρ0(),   (0, 1)

If we observe for all times:

• S : spawn S() =  (1)ρ(, 1),

• ρ : density

•  : cumulated density (, ) =
 x

0
ρ(, )

Then the     :

• () = ∂t(, 1) + S()

•  () = r(t)−∂tm(t,x)
ρ(t,x) = ∂tm(t,1)+S(t)−∂tm(t,x)

ρ(t,x) ,  > 0 fixed
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N ()  

Juvenile fish: only AMH feedback




∂tρ(, ) + ∂x ( () ρ (, )) = 0,   (0, 1),  ≥ 0

 (0) ρ (, 0) = (P())

ρ( = 0, ) = ρ0(),   (0, 1)

P() =
 1

0
ωAMH()ρ(, )d

If we observe (for all times):

• S : spawn (or outflux)

•  : cumulated density

• ρ : density

Then the    :

• (P()) = ∂t(, 1) + S()

•  () = r(P(t))−∂tm(t,x)
ρ(t,x) = ∂tm(t,1)+S(t)−∂tm(t,x)

ρ(t,x) ,  fixed
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PINN  -  





∂ρ(t,x)
∂t + ∂

∂x (Λ(P(), )ρ(, )) = 0

Λ(P(), 0)ρ(, 0) = (P())

P() =
 1

0
ω()ρ(, )d

The idea is to rewrite the PDE to avoid the approximation of the integral

terms P() =
 1

0
ω()ρ(, )d by quadrature methods:
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
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∂x (Λ(P(), )ρ(, )) = 0

Λ(P(), 0)ρ(, 0) = (P())

P() =
 1

0
ω()ρ(, )d

The idea is to rewrite the PDE to avoid the approximation of the integral

terms P() =
 1

0
ω()ρ(, )d by quadrature methods:





∂ρ(t,x)
∂t + ∂

∂x (Λ(M(, 1), )ρ(, )) = 0

Λ(M(, 1), 0)ρ(, 0) = (M(, 1))

∂xM(, ) = ω()ρ(, )

M(, 0) = 0
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PINN  -  

Neural networks





ρ

M

...
...

· · ·

P 
...

...

· · ·



P

Λ
...

...

· · ·

∂x

∂t
...

Auto. Diff. Data

Dataset distributions Dataset spawning

Loss optimization

LPDE and LBC

LDataA

LConstr

LDataB

LPDE =
1

NPDE

NPDE

i=1

∂tρ(ti , xi ) + ∂x (Λ(M(ti , 1), xi )ρ(ti , xi ))2 + ∂xM(ti , xi )− ω(xi )ρ(ti , xi)2

LData =
1

NA

NA

i=1

ρ(ti , xi )− ρi 2

LBC =
1

NB

NB

i=1

ρ(ti , 0)Λ(M(ti , 1))− r(M(ti , 1))2 +M(ti , 0)
2
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L BINN   

We generate data at the same time points as the experimental data, with

individual-dependant growth rate and recruitment rate : Individual  :

i () = αf
i (1 + 502) + ϵfi with αf

i ∼ N (1,σ), ϵfi ∼ N (0,σ) and

i () = αr
i (2 + sin(8( + 2))) + ϵri with αr

i ∼ N (1,σ), ϵri ∼ N (0,σ)

18



L BINN   

We generate data at the same time points as the experimental data, with

individual-dependant growth rate and recruitment rate : Individual  :

i () = αf
i (1 + 502) + ϵfi with αf

i ∼ N (1,σ), ϵfi ∼ N (0,σ) and

i () = αr
i (2 + sin(8( + 2))) + ϵri with αr

i ∼ N (1,σ), ϵri ∼ N (0,σ)

Mean synthetic growth rate and recruitment rate vs BINN prediction,

σ = 0.1
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P : I 

F          

( )    ( ):

• AMH feedback with juveniles data

• E2− VTG feedback loop with data of fish exposed to endocrine

disruptors

• DHP feedback with spawning cycle data
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