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Goal : derive and test anisotropic error 
estimators with mesh change
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Anisotropic 

meshes

Time 

adaptivity
Mesh change taken 

into account

Verfürth (2003), Bänsch, 
Karakatsani, Makridakis (2013), 
Grote, Lakkis, Santos (2024)

Picasso (order 1) (1998), Akrivis, 
Makridakis, Nochetto (order 2) 
(2006), Lozinski, Picasso, 
Prachittham (order 2) (2009)

Kunert (2000), Formaggia and 
Perotto (2001, 2003),Picasso (2003), 
Frey, Alauzet (2005), Coupez (2011)

𝜏𝑛+1 = 𝑡𝑛+1 − 𝑡𝑛

≠ 𝐶𝑠𝑡𝑒
𝒯ℎ
𝑛+1 ≠ 𝒯ℎ

𝑛

𝑉ℎ
𝑛+1 ≠ 𝑉ℎ

𝑛



Example – convection-diffusion
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𝜕𝑡𝑢 + 𝛽 ⋅ ∇𝑢 = 𝜀Δ𝑢 + 𝑓

𝛽 =
1
0



Goal : Keep the error controlled : 𝑙. 𝑏. ≤ 𝑒𝑟𝑟𝑜𝑟 2 ≤ 𝑟. 𝑏.

Initialize 𝒯ℎ
0, 𝑢ℎ

0 , 𝜏1, 𝑡 = 𝑡0

While 𝑡 < 𝑇:

Compute 𝑢ℎ
𝑛+1

Compute 𝜂𝑥, 𝜂𝑡
If 𝜂𝑥

2 ≤ 𝑙. 𝑏./2 or 𝜂𝑥
2 ≥ 𝑟. 𝑏./2:

Adapt the mesh

If 𝜂𝑡
2 ≤ 𝑙. 𝑏./2 or 𝜂𝑡

2 ≥ 𝑟. 𝑏./2:

Adapt the time step 𝜏

If 𝑙. 𝑏. ≤ 𝜂𝑥
2 + 𝜂𝑡

2 ≤ 𝑟. 𝑏.:

Move to the next time step

Aadaptive algorithm
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𝑒𝑟𝑟𝑜𝑟 2 ∼ 𝜂𝑥
2 + 𝜂𝑡

2



Problem setting – fixed mesh
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d

d𝑡
න
Ω

𝑢𝑣 + 𝜀න
Ω

∇𝑢 ⋅ ∇𝑣 + න
Ω

(𝛽 ⋅ ∇𝑢)𝑣 = න
Ω

𝑓𝑣 ,

∀𝑣 ∈ 𝐻0
1(Ω), 𝑎. 𝑒. 𝑡 ∈ [0, 𝑇]

න
Ω

𝑢ℎ
𝑛+1 − 𝑢ℎ

𝑛

𝜏𝑛+1
𝑣ℎ + 𝜀න

Ω

∇𝑢ℎ
𝑛+1 ⋅ ∇𝑣ℎ +න

Ω

𝛽 ⋅ ∇𝑢ℎ
𝑛+1 𝑣ℎ = න

Ω

𝑓𝑛+1𝑣ℎ ,

∀𝑣ℎ ∈ 𝑉ℎ , ∀𝑛 ∈ [0:𝑁 − 1]

Euler scheme

𝑡0 = 0,… , 𝑡𝑁 = 𝑇,
𝜏𝑛+1 = 𝑡𝑛+1 − 𝑡𝑛 > 0

Finite elements method 

𝑉ℎ = 𝑣 ∈ 𝒞0 ഥΩ , 𝑣 ቚ
𝐾
∈ ℙ𝑘 𝐾 ,∀𝐾 ∈ 𝒯ℎ ∩ 𝐻0

1(Ω)

Seek 𝑢 ∈ 𝐿2 0, 𝑇;𝐻0
1 Ω ∩ 𝒞0 0, 𝑇; 𝐿2 Ω such that

Seek 𝑢ℎ
𝑛

𝑛=0

𝑁
⊂ 𝑉ℎ

𝑁+1

such that

𝜀 > 0

𝛽 ∈ 𝒞1 Ω
2

∇ ⋅ 𝛽 = 0
𝑓 ∈ 𝐿2(Ω)



Time reconstruction of the solution
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𝑢ℎ𝜏 𝑥, 𝑡 = 𝑢ℎ
𝑛 𝑥 + 𝑡 − 𝑡𝑛 𝜕𝑢ℎ

𝑛+1 𝑥 , ∀𝑥 ∈ Ω, ∀𝑡 ∈ [𝑡𝑛, 𝑡𝑛+1]

𝜕𝑢ℎ
𝑛+1 =

𝑢ℎ
𝑛+1 − 𝑢ℎ

𝑛

𝜏𝑛+1

𝑒 = 𝑢 − 𝑢ℎ𝜏



A posteriori error estimator – fixed mesh
S

M
A

I 
2
0
2
5

T
h
é
o
p
h
ile

 B
o
in

n
a
rd

7

1

𝜀
𝑒(𝑇) 𝐿2 Ω

2 +න
0

𝑇

∇𝑒 𝐿2 Ω
2 d𝑡 ≤

1

𝜀
𝑒 0 𝐿2 Ω

2 + 𝐶𝑥𝜂𝑥
2 + 𝐶𝑡𝜂𝑡

2

𝜂𝑥
2 =

𝑛



𝐾∈𝒯ℎ

න
𝑡𝑛

𝑡𝑛+1 1

𝜀
𝑓 − 𝜕𝑡𝑢ℎ𝜏 − 𝛽 ⋅ ∇𝑢ℎ𝜏 + Δ𝑢ℎ𝜏

𝐿2 𝐾

+
1

2 𝜆2,𝐾
∇𝑢ℎ𝜏 ⋅ 𝜈 𝐿2 𝜕𝐾 𝜔𝐾 𝑒 d𝑡

𝜂𝑡
2 =

𝑛

න
𝑡𝑛

𝑡𝑛+1 1

𝜀2
𝑓 − 𝑓𝑛+1

𝐿2(Ω)

2
d𝑡 +

𝜏𝑛+1
3

3
∇𝜕𝑢ℎ

𝑛+1
𝐿2 Ω

2
+

𝛽 ∞
2

𝜀2
𝜕𝑢ℎ

𝑛+1
𝐿2 Ω

2



Anisotropic error estimator
Setting of Formaggia and Perotto - 1

S
M

A
I 

2
0
2
5

T
h
é
o
p
h
ile

 B
o
in

n
a
rd

8

𝑥 = 𝑇𝐾 ො𝑥 = 𝑀𝐾 ො𝑥 + 𝑡𝐾 𝑀𝐾 = 𝑅𝐾
𝑇Λ𝐾𝑃𝐾

Λ𝐾 =
𝜆1,𝐾 0

0 𝜆2,𝐾

𝑅𝐾 =
𝑟1,𝐾
𝑇

𝑟2,𝐾
𝑇

𝐾

𝐾
𝑇𝐾

𝜆1,𝐾𝑟1,𝐾

𝜆2,𝐾𝑟2,𝐾

SVD



Lemma: Let 𝑅ℎ: 𝐻
1 Ω → 𝑉ℎ be the Clément interpolant. There exists a 

constant 𝐶 > 0 independent of the mesh size and aspect ratio such that, 
for any 𝑣 ∈ 𝐻0

1(Ω) and any 𝐾 ∈ 𝒯ℎ, we have:

Anisotropic error estimator
Setting of Formaggia and Perotto - 2
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𝑣 − 𝑅ℎ𝑣 𝐿2 𝐾
2 + 𝜆2,𝐾 𝑣 − 𝑅ℎ𝑣 𝐿2 𝜕𝐾

2 + 𝜆2,𝐾
2 ∇(𝑣 − 𝑅ℎ𝑣) 𝐿2 𝐾

2 ≤ 𝐶𝜔𝐾
2 (𝑣)

𝜔𝐾
2 𝑣 = 𝜆1,𝐾𝑟1,𝐾

𝑇 𝐺𝐾 𝑣 𝑟1,𝐾
+𝜆2,𝐾𝑟2,𝐾

𝑇 𝐺𝐾 𝑣 𝑟2,𝐾
𝐺𝐾 𝑣 = න

Δ𝐾

𝜕𝑥𝑣
2 𝜕𝑥𝑣𝜕𝑦𝑣

𝜕𝑥𝑣𝜕𝑦𝑣 𝜕𝑦𝑣
2

Strength : indicates the contribution 

of each direction in the error



▪ Solve the problem for a given 
mesh and time step.

▪ Two settings : the error on 
space dominates / the error on 
time dominates.

Numerical experiments – fixed mesh
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𝑒. 𝑖. [𝑥] → 1.8 𝑒. 𝑖. [𝑡] → 20

𝐸 = න
0

𝑇

∇𝑒 𝐿2(Ω)
2 d𝑡

𝑒. 𝑖. 𝑥 = 𝜂𝑥/𝐸
𝑒. 𝑖. 𝑡 = 𝜂𝑡/𝐸



First issue with the change of mesh - scheme
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න
Ω

𝑢ℎ
𝑛+1 − 𝑢ℎ

𝑛

𝜏𝑛+1
𝑣ℎ
𝑛+1 + 𝜀න

Ω

∇𝑢ℎ
𝑛+1 ⋅ ∇𝑣ℎ

𝑛+1 +න
Ω

𝛽 ⋅ ∇𝑢ℎ
𝑛+1 𝑣ℎ

𝑛+1 = න
Ω

𝑓𝑛+1𝑣ℎ
𝑛+1

∈ 𝑉ℎ
𝑛 ∈ 𝑉ℎ

𝑛+1

Two 

solutions

Project 𝑢ℎ
𝑛 onto 𝑉ℎ

𝑛+1

Compute exactly 

Ω𝑢ℎ
𝑛𝑣ℎ

𝑛+1

Lagrange interpolant

𝑢ℎ
𝑛 ← 𝑟ℎ

𝑛+1𝑢ℎ
𝑛

𝐿2 −projection

𝑢ℎ
𝑛 ← Πℎ

𝑛+1𝑢ℎ
𝑛

Where

න
Ω

𝑢ℎ
𝑛𝑣ℎ

𝑛+1 = න
Ω

Πℎ
𝑛+1𝑢ℎ

𝑛𝑣ℎ
𝑛+1

𝐿2 −stability



Second issue with the change of mesh - estimators
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𝑢ℎ𝜏 = 𝑢ℎ
𝑛 +

𝑡 − 𝑡𝑛

𝜏𝑛+1
𝑢ℎ
𝑛+1 − 𝑢ℎ

𝑛

∈ 𝑉ℎ
𝑛 ∈ 𝑉ℎ

𝑛∈ 𝑉ℎ
𝑛+1

Efficient algorithm 

to compute mesh 

intersection : M.J. 

Gander and C. 

Japhet (2008)

𝜂𝑥
2 =

𝑛



𝐾∈𝒯ℎ

න
𝑡𝑛

𝑡𝑛+1 1

𝜀
𝑓 − 𝜕𝑡𝑢ℎ𝜏 − 𝛽 ⋅ ∇𝑢ℎ𝜏 + Δ𝑢ℎ𝜏

𝐿2 𝐾

+
1

2 𝜆2,𝐾
∇𝑢ℎ𝜏 ⋅ 𝜈 𝐿2 𝜕𝐾 𝜔𝐾 𝑒 d𝑡

𝜂𝑥
2 =

𝑛



𝐾∈𝒯ℎ

න
𝑡𝑛

𝑡𝑛+1



𝑃⊂𝐾

1

𝜀
𝑓 − 𝜕𝑡𝑢ℎ𝜏 − 𝛽 ⋅ ∇𝑢ℎ𝜏 + Δ𝑢ℎ𝜏

𝐿2 𝑃

+
1

2 𝜆2,𝐾
∇𝑢ℎ𝜏 ⋅ 𝜈 𝐿2 𝜕𝑃 𝜔𝐾 𝑒 d𝑡



Second issue with the change of mesh - estimators
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𝜂𝑡
2 =

𝑛

න
𝑡𝑛

𝑡𝑛+1 1

𝜀2
𝑓 − 𝑓𝑛+1

𝐿2(Ω)

2
d𝑡 +

𝜏𝑛+1
3

3
∇𝜕𝑢ℎ

𝑛+1
𝐿2 Ω

2
+

𝛽 ∞
2

𝜀2
𝜕𝑢ℎ

𝑛+1
𝐿2 Ω

2

𝜏𝑛+1
2
𝜕𝑢ℎ

𝑛+1
𝐿2(Ω)

2
= 𝑢ℎ

𝑛+1
𝐿2(Ω)

2
+ 𝑢ℎ

𝑛
𝐿2(Ω)

2
− 2න

Ω

𝑢ℎ
𝑛𝑢ℎ

𝑛+1

Usually,

𝑢ℎ
𝑛+1 − 𝑢ℎ

𝑛

𝜏𝑛+1
←
𝑢ℎ
𝑛+1 − Πℎ

𝑛+1𝑢ℎ
𝑛

𝜏𝑛+1

Here, we compute exactly

න
Ω

𝑢ℎ
𝑛𝑢ℎ

𝑛+1



Two strategies
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Replace 𝑢ℎ
𝑛 by its projection Use the new estimators

▪ Upper bound guaranteed by 
the theorem

▪ Easy to implement

▪ Leverage capabilities of 
most FEM libraries

Given 𝒯ℎ
𝑛

𝑛
, 𝑢ℎ

𝑛
𝑛



▪Derived a residual based anisotropic error estimator 
with adapted, possibly non-nested meshes.

▪Verification of the estimators on adapted meshes.

Conclusion
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Post-processing
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Issue :

𝜔𝐾(𝑒) requires ∇𝑒 = ∇𝑢 − ∇𝑢ℎ

Solution :

Estimate ∇𝑢 as 𝐺ℎ𝑢ℎ (better gradient), such that

∇𝑢 − ∇𝑢ℎ
∼ℎ𝑘

≤ ∇𝑢 − 𝐺ℎ𝑢ℎ
∼ℎ𝑘+1

+ 𝐺ℎ𝑢ℎ − ∇𝑢ℎ
∼ℎ𝑘

Idea : project ∇𝑢ℎ back to 𝑉ℎ (space of 𝑢ℎ). I use both 

Zienkiewicz-Zhu (ℙ1) and Naga-Zhang (ℙ1 − ℙ2)



Computation of interface mass matrix
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Aim : Compute 𝑀𝑖𝑗
𝑎𝑏 = Ω𝜙𝑖

𝑎𝜙𝑗
𝑏

▪ Start from two intersecting 
triangles 𝑋 ∈ 𝒯𝑎, 𝑌 ∈ 𝒯𝑏.

▪ Compute the intersection 𝑃, add 
the mortar contribution 𝑃𝜙𝑖

𝑎𝜙𝑗
𝑏

to 𝑀𝑖𝑗
𝑎𝑏.

▪ Then, check the neighbors of 𝑌
that intersect with 𝑋. Compute 
the contributions.

▪ Once there are no neighbors of 
𝑌 intersecting with 𝑋, continue 
with the neighbors of 𝑋.



Issues with Crank-Nicolson –1 
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න
Ω

𝑢ℎ
𝑛+1 − 𝑢ℎ

𝑛

𝜏𝑛+1
𝑣ℎ
𝑛+1 + 𝜀න

Ω

∇
𝑢ℎ
𝑛+1 + 𝑢ℎ

𝑛

2
⋅ ∇𝑣ℎ

𝑛+1 +න
Ω

𝛽 ⋅ ∇
𝑢ℎ
𝑛+1 + 𝑢ℎ

𝑛

2
𝑣ℎ
𝑛+1 = න

Ω

𝑓𝑛+1/2𝑣ℎ
𝑛+1

න
Ω

𝑢ℎ
𝑛+1 − Πℎ

𝑛+1𝑢ℎ
𝑛

𝜏𝑛+1
𝑣ℎ
𝑛+1 + 𝜀න

Ω

∇
𝑢ℎ
𝑛+1 + Πℎ

𝑛+1𝑢ℎ
𝑛

2
⋅ ∇𝑣ℎ

𝑛+1 +න
Ω

𝛽 ⋅ ∇
𝑢ℎ
𝑛+1 + Πℎ

𝑛+1𝑢ℎ
𝑛

2
𝑣ℎ
𝑛+1 = න

Ω

𝑓𝑛+1/2𝑣ℎ
𝑛+1

𝐿2 −stable, but estimators with 
1

𝜀
𝑢ℎ
𝑛 − Πℎ

𝑛+1𝑢ℎ
𝑛 unbounded as 𝜀 → 0



Issues with Crank-Nicolson - 2
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ODE : 
d

d𝑡
𝑢 + 𝐴𝑢 = 0

CN :
𝑢𝑛+1−𝑢𝑛

𝜏
+ 𝐴

𝑢𝑛+1+𝑢𝑛

2
= 0 𝑛 + 1

𝑢𝑛 − 𝑢𝑛−1

𝜏
+ 𝐴

𝑢𝑛 − 𝑢𝑛−1

2
= 0 (𝑛)

𝜏
𝑢𝑛+1 − 2𝑢𝑛 + 𝑢𝑛−1

𝜏2
+ 𝐴

𝑢𝑛+1 − 𝑢𝑛−1

2
= 0

Finite elements :

න
Ω

𝑢ℎ
𝑛+1 − 𝑢ℎ

𝑛

𝜏
𝑣ℎ
𝑛+1 + 𝜀න

Ω

∇
𝑢ℎ
𝑛+1 + 𝑢ℎ

𝑛

2
⋅ ∇𝑣ℎ

𝑛+1 = 0

න
Ω

𝑢ℎ
𝑛 − 𝑢ℎ

𝑛−1

𝜏
𝑣ℎ
𝑛 + 𝜀න

Ω

∇
𝑢ℎ
𝑛 + 𝑢ℎ

𝑛−1

2
⋅ ∇𝑣ℎ

𝑛 = 0

Difference 𝑣ℎ
𝑛+1 − 𝑣ℎ

𝑛?
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