Periodic homogenization and harmonic measures

Siguang QI, Laboratoire Jacques-Louis Lions, Sorbonne Université
Joint work with G. David, A. Gloria and S. Mayboroda

June 3, 2025

S s & o i



Introduction: LP-solvability of the Dirichlet problem
Consider the Dirichlet problem

-V -AVu=0 in Q,
u=r on 012,

with A a uniformly elliptic and bounded matrix field and 2 the upper-half plane, that is,
Q=R{™ = {(t,x) € R¥*t: t > 0},
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Introduction: LP-solvability of the Dirichlet problem
Consider the Dirichlet problem

-V -AVu=0 in Q,
u=r on 012,
with A a uniformly elliptic and bounded matrix field and 2 the upper-half plane, that is,

Q=R{™ = {(t,x) € R¥*t: t > 0},
The classical approach based on the trace operator requires solving

-V -AVv =V -AVF in Q,
v=20 on 012,

with F an H-extension of f in Q (in the trace sense). In this way, u = F + v is the
solution to the original problem.
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Introduction: LP-solvability of the Dirichlet problem
Consider the Dirichlet problem

-V -AVu=0 in Q,
u=r on 012,

with A a uniformly elliptic and bounded matrix field and 2 the upper-half plane, that is,
Q=R{™ = {(t,x) € R¥*t: t > 0},
The classical approach based on the trace operator requires solving

-V -AVv =V -AVF in Q,
v=20 on 012,

with F an H-extension of f in Q (in the trace sense). In this way, u = F + v is the
solution to the original problem.
This requires f € Hz(0R) since Tr HY(Q) = H2(99).
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Introduction: LP-solvability of the Dirichlet problem

Theorem ([Caf+81])
If u satisfies Lu = —V - AVu = 0 in €, then the non-tangential limit
lim u(P)

Per(x),
P—x

exists for almost every x € 02 wrt to the harmonic measure w associated with the
operator L and €.

r(x)
p/Q

X o2
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Introduction: LP-solvability of the Dirichlet problem

For a fixed X € Q, since the linear application
feC(o)— u(X)eR

is bounded and positive by the maximum principle, the Riesz representation theorem
provides the existence of a measure w so that

ur(X) = /asz f(x)w(dx).
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Introduction: LP-solvability of the Dirichlet problem

For a fixed X € Q, since the linear application
feC(o)— u(X)eR

is bounded and positive by the maximum principle, the Riesz representation theorem
provides the existence of a measure w so that

ur(X) = / f(x)w(dx).
aQ
The LP-solvability for some p is equivalent to w € A (o) ,that is, the existence of
g,0 € (0,1) such that for any E C Q C 99

<5 = “B)

a(Q) w(Q)
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Dahlberg-Kenig-Pipher (DKP) condition
When A = Id, that is, L = —A, this property is verified.
Can we perturb the Laplacian and retain this property?
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Dahlberg-Kenig-Pipher (DKP) condition
When A = Id, that is, L = —A, this property is verified.

Can we perturb the Laplacian and retain this property?
Define

T.(x):=(0,r] X Q(x), W,(x):=(r/2,r] x Q(x).
Here @,(x) C 9 = RY is the cube centered at x of side-length r.

W, (x)

T.(x) p r

<>
NI~

Q

o0
Define the (local) oscillation of A at point (t,y) € Q by

X

(osc A)(t,y) = sup  |A(Y) = A(Y').
Y,Y'eWi(y)
e
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Dahlberg-Kenig-Pipher (DKP) condition
Theorem ([KPO01])

If there is a constant C > 0 such that for all r > 0 and x € 0X2 one has

/ | osc A|%(t, y)dydt < Cre,
T:(x)

then w € A (o).
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Dahlberg-Kenig-Pipher (DKP) condition

Theorem ([KPO01])
If there is a constant C > 0 such that for all r > 0 and x € 0X2 one has

/ | osc A|%(t, y)% < Cre,
Tr(x)

then w € A (o).

This implies that osc A vanishes at a certain speed when t — 0:

dydt r dt
/ |osc A|*(t, y)—— y / (/ | osc A%(t, y)dy)
Tr(x) 0 Qr(x)

Therefore, the DKP condition can be viewed as a reasonable perturbation of the
Laplacian.
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Dahlberg-Kenig-Pipher (DKP) condition

Moreover, this result is sharp in the sense of convergence speed: If

dydt
/ 32(t,y)—); = +o0,
7.

then there exists a uniformly elliptic matrix field A such that osc A ~ a and the harmonic
measure associated to the operator —V - AV does not admit the A, property.
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Dahlberg-Kenig-Pipher (DKP) condition

Moreover, this result is sharp in the sense of convergence speed: If

dydt
/ a2(t,y)—}; = +o0,
7.

then there exists a uniformly elliptic matrix field A such that osc A ~ a and the harmonic
measure associated to the operator —V - AV does not admit the A, property.

Question: Can homogenization be used to replace the assumption of vanishing
oscillations in the DKP condition?
Answer: Yes!
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Main theorem

Suppose that A is a_Z"’Jr1 periodic elliptic matrix field on R with associated
homogenized matrix Ay = Id. We define the coefficient field A in the following way

Theorem ([Dav+25])
When ¢, < 2%, w € A (do).

In particular, if Ay is not constant, the DKP condition cannot be satisfied.
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Main theorem
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Proof of the main theorem

A criterion for the A, property of the harmonic measure is the following:

Theorem ([Ken+-00])

The harmonic measure w € A, (do) if and only if for any continuous solution u to the
Dirichlet problem,

r—d/ [V (e, y)Pydt < C[IF|Pe.
Tr(x)

June 3, 2025 10/ 14




Proof of the main theorem
A criterion for the A, property of the harmonic measure is the following:
Theorem ([Ken+-00])

The harmonic measure w € A, (do) if and only if for any continuous solution u to the
Dirichlet problem,

r—d/ [V (e, y)Pydt < C[IF|Pe.
Tr(x)

Ansatz:

U~ U =0+ Z2k5k>(k¢;(2k;€k)aif’,

k<0

where x is a cut-off because of the boundary layer, i is the solution to the Dirichlet
problem with the same boundary datum f and A = A, = Id.
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Proof of the main theorem

The key estimate is that

0 [ (e Py < Cl
Tr(x)

where z := u — 1 is the homogenization error. It satisfies the following equation:

~V-AVz = V- f,
with
fi=> 2 (Ayd’ — o) (35 ) V(xk0i) + Leeprn 29(1 = xi)(Ag — 1d)(5) Vi

k<0
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Proof of the main theorem

We localize the error in T,(x) by Caccioppoli’s inequality, maximum principle and
carefully choosing the boundary layer size:

/ Vz|* < / 2+ r2/ z°
Tr(x) Tar(x) Tar(x)

< ak/ \Va|? 4 r
Z 2k+1 2k XQ,(X

k<min([log, r],0)

Therefore, if ¢, < 2k, then one can deduce, by harmonicity of i

/ min(t, 1)|Vz[? < min(r, 1)(/ t|Val? +r ) ~ r?,
r(x) r(x)

—_——
<r
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Further questions

It's interesting to understand how the speed £, < 2% in the assumption can be interpreted
or improved.
@ If we pick the coefficient field A differently in each layer [24*1 2¥) (instead of a
single Ax), then we need a stronger assumption g, < 22k,
@ If there exists a global solution for the corrector equation, then the weaker
assumption £, < 22 is enough.
© Can we go further and prove the theorem for Zk<0 ey < +o00?
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