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The Vicsek model
We consider a family ofN particles described by their positions and directions
(xi(t), ωi(t))i=1,...,N ⊂ Rd × Sd−1 and solving:{

dxi(t) = ωi(t)dt,

dωi(t) = Pω⊥
i

(
ν(|Ji|)Ωidt+

√
2µ(|Ji|)dBi(t)

)
,

where Ji = 1
N

∑N
j=1 K(xj , ωj , xi, ωi)ωj and Ωi =

Ji

|Ji| .
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Mean-field limit
We proceed with the mean-field limitN → ∞ to obtain the density probabilityof particles f(t, x, ω) : R+ × Rd × Sd−1 → [0, 1]. It solves the following equa-tion:

∂tf + ω · ∇xf + ν(|Jf |)∇ω · (Pω⊥Ωff) = µ(|Jf |)∆ωf,

where ω̂f =
∫
Sd−1 ωfdω, Jf = K ∗ ω̂f and Ωf =

Jf

|Jf | .
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Hydrodynamic limit
Finally, using the change of variable x = εx, t = εt, we get the rescaled equa-tion:

ε (∂tf
ε + ω · ∇xf

ε) = Q(fε),

whereQ(f) = −ν(|Jf |)∇ω · (Pω⊥Ωff) + µ(|Jf |)∆ωf . In the limit ε → 0, wewrite fε → f̄ , and f̄ ∈ Ker(Q).The kernel of Q is described by the von Mises distributions MκΩ(ω) =
Z−1 exp(ω · κΩ). In particular, we get f̄ of the form f̄ = ρMκΩ, where
ρ, κ,Ω : [0, T ]× Rd → R and κ solves the consistency equation:

j(κ) = ρc(κ),

where j is the inverse of ν
µ .
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Phase transition

Theorem (Phase transition, Degond, Frouvelle, Liu (2015))

Let ρ > 0. Define ρc = limκ→0
j(κ)
c(κ)

and ρ∗ = infκ∈(0,κmax)
j(κ)
c(κ)

where ρc > 0may

be equal to+∞ and κmax = lim|J|→+∞
ν(|J|)
µ(|J|) .1. If ρ < ρ∗, the only solution to the compatibility equation is κ = 0 and the only

equilibrium with total mass ρ is the uniform distribution f̄ = ρ.
2. If ρ > ρ∗, there exists at least one positive solution κ > 0 to the compatibility

equation. It corresponds to a family {ρMκΩ|Ω ∈ Sd−1} of non-isotropic
equilibria.

3. The number of families of non-isotropic equilibria changes as ρ crosses the
threshold ρc.
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Illustration of phase transition
We only consider cases where ρc = ρ∗.

Order: ρ > ρ∗,Ω ̸= 0

Disorder: ρ < ρ∗,Ω = 0

{f̄ = ρ∗}
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Two regimes of phase transition
Ordered region: Self-organised hydrodynamic model (SOH){

∂tρ+∇x · (ρc1(ρ)Ω) = 0,

ρ(∂tΩ+ c2(ρ)(Ω · ∇x)Ω) + Θ(ρ)PΩ⊥∇xρ = K2δ(ρ)PΩ⊥∆x(ρc1Ω).

Disordered region: {
∂tρ = ε∇x ·

(
1

1− ρ
ρ∗

∇xρ
)
,

Ω = 0.

Goal: Simulate phase transition without tracking the boundary.
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Meta-model
∂tρ+∇x · (ρv) = 0,

∂t(ρv) +∇xp(ρ) +∇x ·
(
ρ
[
c2(ρ)
c1(ρ)

v +K2∇x((δc1)(ρ))
]
⊗ v

)
= K2∇x · [(δc1)(ρ)∇x(ρv)]− 1

ξρv h(ρ)
(
1− c21(ρ)

|v|2

)
,

where p′ = c1Θ and h(ρ) = c|1− ρ
ρ∗
|.We make the following choice for ν and µ:

ν(|J |) = ν0|J |
|J |+ J0

and µ(|J |) = µ0.
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Critical exemple
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Super-critical exemple
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Super-critical exemple
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2D exemple
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June 6, 2025 Biennale SMAI 2025 Slide 12



Perspectives
• Other complex behaviour at macro scale : mills, etc...
• Comparison with particle model
• Applying the method to other particle models
• Second order in space

Thank you for your attention !
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