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Deformable slender body in a viscous fluid (Stokes flow)

∂sn + f = 0
∂sm + rs × n = 0

m = Eθsez

|rs |2 = 1

(local force balance)

(local torque balance)

(elastic constitutive law)

(inextensibility)
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Resistive Force Theory (RFT): local anisotropic operator    

f(t, s) = C(θ(t, s)) ·r = − c∥(e∥ ⋅ ·r)e∥ − c⊥(e⊥ ⋅ ·r)e⊥m(s)
f(s)

internal effects

drag force

 📖 Antman, Nonlinear Problems of Elasticity, 2005
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Elastohydrodynamics equations
Deformable slender body in a viscous fluid (Stokes flow)

∂sn + C(θ)∂tr = 0
∂sm + rs × n = 0

m = Eθsez

|rs |2 = 1

(local force balance)

(local torque balance)

(elastic constitutive law)

(inextensibility)

+ B.C.

• Challenging to establish well-posedness (existence and 
uniqueness of solutions) (Mori & Ohm, Nonlinearity 2023) 

• Challenging to solve numerically (du Roure et al., Annu. Rev. 
Fluid Mech. 2017)

·r = − (I + γrsrT
s )−1 ⋅ ∂s(rsss − τrs)

• Nonlinear PDE with 4th space derivative +  (Lagrange 
multiplier for the tension) 

τ
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Elastohydrodynamics equations
A “discrete” version: the -link modelN
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• Approximate the filament with rigid 
segments connected by elastic 
junctions 

• Integrate the drag force density over 
each segment -> ODE system 

• A “mechanical” discretisation: not a 
discretization of arc length !
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Elastohydrodynamics equations
A “discrete” version: the -link modelN
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Comparing both models αi = θi − θi−1
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• Convergence when ?N → ∞
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∂sn + C(θ)∂tr = 0numerically… easy to check (Moreau et al. J. R. Soc. Interface 15, 2018)

(Cont) (Disc)



A convergence result

Theorem 1 (Alouges, Lefebvre-Lepot, Levillain, M., arXiv:2502.09988)  
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Proof scheme

3. Show that the limits are 
(weakly) solution to (Cont)

tricky! we need additional bounds, and 
strong convergence for some of them
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Detail on point 3

∫
T
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(C(rs(t, s)) ·r(t, s) + ns(t, s)) φ(s)ψ(t) ds dt = 0
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(C(rs(t, s)) ·r(t, s) + ns(t, s)) φ(s)ψ(t) ds dt = 0

RFT:    
C(θ(t, s)) ·r = − c∥(e∥ ⋅ ·r)e∥ − c⊥(e⊥ ⋅ ·r)e⊥

• morally, product of  and  

• for weak convergence of a product , we need strong convergence of  and 

weak convergence of  

• so, we need strong convergence of  in  -> strong convergence of  in 
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Detail on point 3



Theorem (Aubin 1963) 

• Let ,  and  be three Banach spaces with .   

• Suppose that  and .   

• Let , let . 

• Then the embedding of  into  is compact.

X0 X X1 X0 ⊆ X ⊆ X1

X0 ⋐ X X ↪ X1

1 ⩽ p, q < + ∞ W = {u ∈ Lp(0,T; X0) ∣ ·u ∈ Lq(0,T; X1)}

W Lp(0,T; X)

A BV estimate

RFT:    
C(θ(t, s)) ·r = − c∥(e∥ ⋅ ·r)e∥ − c⊥(e⊥ ⋅ ·r)e⊥∫
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L

0
(C(rs(t, s)) ·r(t, s) + ns(t, s)) φ(s)ψ(t) ds dt = 0
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Key formula: energy dissipation for (Disc)
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Theorem 1 (Alouges, Lefebvre-Lepot, Levillain, M., arXiv:2502.09988)  
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Existence of solutions to (Disc)?

For all initial data, there exists a unique 
global solution of (Disc) in .C1(ℝ+)
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Theorem 2 (Well-posedness of (Disc))



Existence of solutions to (Disc)?

For all initial data, there exists a unique 
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• Differential algebraic system: check invertibility + bounds to have global 
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Well-posedness of (Cont)?

Theorem 2: Existence 
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Corollary: Existence 
of solutions for the 
continuous model

but… up to the extraction of 
subsequences! -> uniqueness is 

not given for free
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Summary and outlook

• Internal activity, curvature at rest 
• Refined hydrodynamics 
• 3D, non-Newtonian fluids, multiple filaments…
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