SMAI

SMAI2025 02-06 juin 2025

Periodic homogenization and harmonic measures

Guy DAVID, Laboratoire de Mathématiques d’Orsay, - Orsay, France
Antoine GLORIA, Laboratoire Jacques-Louis Lions - Paris, France
Svitlana MAYBORODA, ETH Ziirich, - Ziirich, Switzerland

Siguang QI, Laboratoire Jacques-Louis Lions - Paris, France

Consider the Dirichlet problem

(1)

—V-AVu=0 in Q,
u=f on 01,

where A is a uniformly elliptic matrix ﬁeldland Q c R? is a bounded domain. The classical approach
based on the trace operator requires f € H?2(91), and cannot be easily extended to rougher boundary
data —for instance, f € L?(99). The solvability of (1) with L? boundary data turns out to be subtle
and depends intricately on both the boundary behavior of A and the geometric features of €.

Since the seminal work of Kenig and Pipher [2], the so-called Dahlberg-Kenig-Pipher (DKP) condition
on oscillations of the coefficient matrix has become a standard threshold in the study of LP-solvability
of the Dirichelet problem on bounded domains. It has been proved sufficient for the LP-solvability in
the domains with increasingly complex geometry, and known counterexamples show that in a certain
sense it is necessary as well. More precisely, the DKP condition requires that, with x € 0 and
0(X) = dist(X, 09),

5(X) sup |VA]PdX < Crdl (2)
By (z)NQ Bs(x)/2(X)
One can see that, by
sup [AY) = AY)[ £ 6(X) sup  [VA],
Y,Y'€Bs(x)/2(X) Bs(x)/2(X)

the DKP condition (2) implies that A oscillates mildly near the boundary and, therefore, the associated
elliptic operator behaves like the Laplacian.

In the presentation, by putting the geometric complications aside, we present the class of operators
introduced in [1], for which the LP-solvability of (1) is established. These operators feature the
coefficients that violate the DKP condition which controls local oscillations of A, and, on the contrary,
oscillate so quickly that the homogenization ensures that, in the resolvent sense, the operators still
behave like the Laplacian near the boundary.
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