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Nuclear waste storage

▷ Steel canister, buried in clay soil

▷ Main concern: the corrosion of the steel layer
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1D model

X0(t) X1(t)

F0(t) = a− bu0 F1(t) = 0

∂tu+ ∂xJ = 0
J = −∂xu+ (1−R)uX ′

1

soil oxide layer metal

Notations ℓ ∈ {0, 1}
▷ uℓ(t) = u(t,Xℓ(t))

▷ Jℓ(t) = J(t,Xℓ(t))

▷ Fℓ(t) = Jℓ(t)− uℓ(t)X
′
ℓ(t)

▷ uinit = u(0, ·) ≥ 0.
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∂tu+ ∂xJ = 0
J = −∂xu+ (1−R)uX ′
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soil oxide layer metal

Equations on the boundaries

▷ X ′
0(t) = α0 − β0u0(t) + (1− R)X ′

1(t)

▷ X ′
1(t) = −α1 + β1u1(t)

▷ L(t) = X1(t)− X0(t)
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Objectives

Continuous problem

▷ Existence of a particular
travelling wave solution

▷ Dissipation of an energy
along time

⋗ A priori estimates

Numerical analysis

▷ Construction of a numerical
method

⋗ Preserving the travelling wave
profile

⋗ Dissipative energy

Main goal

▷ Existence of a solution to the continuous problem by taking the limit in the
numerical scheme
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Travelling wave

Travelling wave

One looks for a solution of the form:

u(t, x) = û(x − ĉt), X ′
0 = X ′

1 = ĉ .

Explicit profile

ξ ∈ [0, 1], û(ξ) =
a

b
e−RĉξL̂.

▷ length: L̂ = − 1

Rĉ
log

(
b

β1a
(α1 + ĉ)

)
> 0

▷ velocity: ĉ =
1

R

(
α0 − β0

a

b

)
> 0

⋗ existence iff: R > 0, 0 <
α0 + Rα1

β0 + Rβ1
<

a

b
≤ α0

β0
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Free energy

Free energy

▷ ϕ : R → R convex, Hϕ(t) =

∫ X1(t)

X0(t)

ϕ(u).

▷ pressure: π(u) = uϕ′(u)− ϕ(u); π′(u) = uϕ′′(u) ≥ 0 for u ≥ 0.

Derivative of H
d

dt
Hϕ(t) = −

∫ X1(t)

X0(t)

|∂xu|2ϕ′′(u) + (a− bu0)ϕ
′(u0)

+ R(α1 − β1u1)π (u1) + (α0 − β0u0)π (u0) .
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Decreasing total energy

Total energy

Htot
ϕ (t) = Hϕ(t) + Rπ

(
α1

β1

)
(X1(t)− X1(0))

− π

(
α0

β0

)∫ t

0

(α0 − β0u0)− ϕ′
( a
b

)∫ t

0

(a− bu0).

Proposition

∀t > 0,
d

dt
Htot

ϕ (t) = −Dϕ(t) ≤ 0.

Dissipation term

Dϕ(t) =

∫ X1(t)

X0(t)

|∂xu|2ϕ′′(u)− R (α1 − β1u1)

(
π(u1)− π

(
α1

β1

))
− (α0 − β0u0)

(
π(u0)− π

(
α0

β0

))
− (a− bu0)

(
ϕ′(u0)− ϕ′

( a
b

))
.
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A priori bounds

L∞-bounds
Any solution u satisfies

m ≤ u ≤ M

with

m = min

{
inf uinit ,

α1

β1

}
, M = max

{
sup uinit ,

α0

β0

}
.

Proof

m M

ϕ
▷

d

dt
Htot

ϕ (t) ≤ 0

▷ Htot
ϕ (0) = 0

⋗ Hϕ = 0

⇒ ϕ(u) = 0 in [X0(t),X1(t)]
⇒ m ≤ u ≤ M
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Mesh and notations

Time-dependent mesh

▷ initial mesh of [0, 1]:

0 = ξ 1
2
< ξ 3

2
< ... < ξI− 1

2
< ξI+ 1

2
= 1.

▷ mesh of [X n
0 ,X

n
1 ]:

xni+ 1
2
= X n

0 + Lnξi+ 1
2
.

xn1
2

xn
I+ 1

2

xn
i− 1

2

xn
i+ 1

2

xni xni+1

Lnhi

Lnhi+ 1
2

1 I

▷ velocity related to the moving of the mesh and the transport term:

vn
i+ 1

2
= (1− R)

X n
1 − X n−1

1

∆t
−ξi+ 1

2

Ln − Ln−1

∆t
− X n

0 − X n−1
0

∆t
.
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Numerical scheme

Given (un−1,X n−1
0 ,X n−1

1 ), for 1 ≤ i ≤ J:

hi
Lnuni − Ln−1un−1

i

∆t
+ Fn

i+ 1
2
−Fn

i− 1
2
= 0

▷ Scharfetter-Gummel fluxes:

Fn
i+ 1

2
=

1

Lnhi+ 1
2

(
B
(
−Lnhi+ 1

2
vn
i+ 1

2

)
uni − B

(
Lnhi+ 1

2
vn
i+ 1

2

)
uni+1

)
⋗ Bernoulli function : B(x) =

x

ex − 1
▷ boundaries:

⋗
X n
0 − X n−1

0

∆t
− α0 + β0u

n
0 − (1− R)

X n
1 − X n−1

1

∆t
= 0

⋗
X n
1 − X n−1

1

∆t
+ α1 − β1u

n
J+1 = 0
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Discrete free energy

Total discrete energy

Htot,n
ϕ =

I∑
i=1

Lnhiϕ(u
n
i ) + π

(
α0

β0

) n∑
k=0

∆t(α0 − β0u
k
0 )

+ ϕ′
( a
b

) n∑
k=0

∆t(a− buk0 ) + Rπ

(
α1

β1

) n∑
k=0

∆t(α1 − β1u
k
I+1).

Proposition

For any n > 0, there exists a non-negative diffusion term Dn
ϕ such that:

Htot,n
ϕ −Htot,n−1

ϕ

∆t
+Dn

ϕ ≤ 0.
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Existence of a solution

Theorem
The ALE scheme admits a solution, that satisfies:

▷ ∀0 ≤ i ≤ J, ∀n ≥ 0, m ≤ uni ≤ M.

▷ ∀n ≥ 0, ∃εn,Ln > 0 s.t. εn ≤ Ln ≤ Ln.

Proof

▷ a priori bounds thanks to decreasing energy,

▷ existence by Brouwer’s topological degree.
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Convergence of the scheme

Theorem

The sequence (uν ,X0,ν ,X1,ν)ν converges to a limit (u,X0,X1) with

Xℓ,ν → Xℓ in C(0,T ), for ℓ ∈ {0, 1},
∂t,∆tXℓ,ν

∗
⇀ X ′

ℓ in L∞(0,T ), for ℓ ∈ {0, 1},
uν → u in L2(0,T ; L2(R)),

∂x,huν ⇀ ∂xu in L2(0,T ; L2(R)),

and (u,X0,X1) is a solution to the continuous problem.

Proof

▷ compactness via rescaling and Aubin Simon lemma,

▷ convergence of the traces,

▷ discrete estimates thanks to decreasing energy.
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Numerical results
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Convergence towards the TW profile
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Conclusion and perspectives

Conclusion

▷ a priori bounds on the solution

▷ existence of a solution to the numerical scheme

▷ convergence towards a solution to the continous problem

▷ numerical convergence towards the travelling wave profile

Perspectives

▷ convergence towards the travelling wave profile

▷ extend to a more complete model

Thanks for your attention!
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