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The piston diffusion model

| Adiabatic moving boundary |

0sit = Oyt t>0, x>b1),
—ou="b'(t)u t>0, x=Db(r).

Increase in density due to
aggregation of individuals
against the boundary

S / > b=>b(t)cC'(R,)
— 111y \ u(t,x) at fixed time > b(0)=0
\\ > b (1)>0
— | SN
Anti-diffusive effect / Diffusive effect *
of the boundary of the Laplacian d,,
.............. (meansnoInmuaneakage)
/_% 00
> Mass conservation, thatis: ~ M(r) := JeZpyult,x)dx = M|i—o,
requires non-autonomous Robin-type boundary condition at x = b(¢):
0 = M(@t) = —b(t)ult,b(t)) +/ Oveut(t,x)dx = —b'(t)u(t,b(t)) — dsu(t,b(t))

(consistent with homogeneous Neumann if b = 0...)

Samuel Tréton 1/15



{ Ot = Oyl >0, x>b(1), V(t.%) = ult, 2+ b(1)) { Oy =0y v+b(1)dy t>0, x>0,

e
—ou=>b'(\u  t>0, x=b(). —w=0b'(t)v t>0, x=0.

) o dv=0nv >0, x>0, Heat equation in {x > 0}
> Simplest case: b =0 @ { —9w=0 >0, x—0.|[ withhomogeneous Neumann BC

> Solve by continuation argument:

even
Vo contlnuauon Vo O v ‘V>0

v(t,x) = /z: 4n( b - *;;‘)vo(z)dz 05~ w0~

>> Magnitude of the mean position of a reflected Brownian particle: E(X;) = [.~zv(t,z)dz

2800 = [~ oe = o [T v = w00) (5 [E@)~ e

3> Suggests that the algebraic forms b(z) = P with f > 0
are good candidates for the boundary motion...

in particular,
nearp=1/2
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Brownian motion reflected at x=b(t)

T

> b(t) =P B=1/4

mea || g %\/ oY

/ ,\ b(t

0 t

x
> b(t) =P B=3/4
/ x=b(t)
/"'/M
b(t) >t
Boundary-driven dynamics
0 t
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u(t,x

)

Heat
Neumann

/ Gaussian

Diffusion-dominated dynamics b(t) ~ tﬁ

o

.

T
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The linear case b(t)=t

v = Doy 1 v (>0 x>0 Autonomous advective
> Starting easy: b(t) =1 @ { PO 0 x—o.

Py heat equation in {x > 0}
=y with Robin BC

> Continuation arguments similar to the Neumann case also apply here.

Theorem (S.T., M.Zhang — 2025)
> Explicit fundamental solution:  v(t,x) = [ZH(t,x,z)vo(z)dz
> Convergence toward stationary exponential profile at exponential rate:

-/ Vo)foLf(R” <te™M, forany 1 < p < oo.

| The moving boundary perfectly compensates the diffusion! |

> Heuristic: Vit (7, x) = e
N
vo(x) =e™* v(t,x) =e*

\‘\ Vadv(t,x) = e ! \\
RS S
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b(t) ~ 1P

u(t,x) Diffusion-dominated dynamics
p=0
Heat
Neumann
/ ' !
.
\ : )
. .
[ ’ :
0 X
u(t,x) | Boundary-driven dynamics
A
p=1
:
o Static
. exponential
/ |
T x
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Self-similar rescaling

v(t,x)

—>> Heat equation: | Ov=0yv IinR |

(self-similar Gaussian shape)

1 £

VAt

> Fundamental solution: v(,x) =

B@? Want to capture the shape of the solution X
(to be "mass consistent")
|
v ]
— Self-similar rescaling:  v(,x) = f(1)w(g(z), f(1)x) Ti=g(t) y:=f(t)x
—>> Fokker-Planck equation: | drw =y [dyw+ (,®)w| inR | W(y) = e=®0) = o=
> Steady state: W(y) = e 1)
>> Proof of convergence via entropy decay: H(t) := [ w(t.y)log ‘;,:;T(;’f‘)) dy
(%H(r) <2H(1) | Hr)<e™
_ 1 T y
= wEy) = WO)lym Se ™= 7
(Gronwall lemma)
*In this case, /(l) — o g(l) _ 'Yloé'(f): and a‘fb(},) =2y. (log-Sobolev inequality)  (Csiszar-Kullback inequality)

Vit
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The diffusive regime

> Piston diffusion problem:

Ay =0+ (1)dy >0, x>0, b(t) = (1+1)
—w="0b'(t)v >0, x=0. 0<B<1/2

Self-similar rescaling:  v(t,x) = \/IITIW(T,y) T:=1tlog(l+1) y: =

> Fokker-Planck equation: { 3w =3, 29w+ (v +y(¥))w] >0, y>0,

—dyw =y(T)w >0, y=0.
50 if0<B<1/2 2
Wh : Tif0<B<1/2
> Where (1) {z 1 ifB=1/2. > Steady state: W(y) = ¢ 2, <P<l/
T ifp=1/2.

> Proof of convergence via entropy decay

Theorem (S.T., M.Zhang — 2025)

Assume 0 < B < 1/2, b(r) = (1 +1), and vy nonnegative, bounded and compactly supported, then for any 7 > 0,

L if0<B<1/2,

I x P8
v(t,x) — ———W < (4
AN ( ‘“) Li(Ry) L ip=1/2
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u(t,x) | Diffusion-dominated dynamics | b(t) ~ B

Heat
Neumann

Product of a Gaussian
and an exponential

/

/ Gaussian

0 X
u(t,x) | Boundary-driven dynamics
A
p=1
B
(@] Static
. exponential

/ l

\/
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The piston regime

> Piston diffusion problem:

Ay =0+ (1)dy >0, x>0, b(t) = (1+1)
—0yv=10/(1)v t>0, x=0. B>1/2

Self-similar rescaling: v(z,x) = %W(’C,y) . /t [b/[(;)}zds . w}c
s=0

> Fokker-Planck equation: dw=29,[dw+(B+n(ty)w] >0, y>0,
—oyw =Pw >0, y=0.

> Where 1(t) =50 > Steady state: W(y) =e P

> Proof of convergence via semigroup approach:
we see the term d,(1(t)yw) as a perturbative source term to apply Duhamel’s principle:

w(e.) = Sono)+ [ Sees (ol w)]as

As S:wp — W exponentially fast, we show that the convolution term vanishes as T — co.
(finiteness of the first moment of w is crucial, and becomes an obstruction when 3 > 1)

Theorem (S.T., M.Zhang — 2025)

Assume 1/2 < B <1, b(1) = (1+1), and vy nonnegative, bounded and compactly supported, then for any # > 1,

V(@) w}c log(1+1)
S ) e =
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u(t,x) | Diffusion-dominated dynamics | b(t) ~ B

p=0
Heat
Neumann
Product of a Gaussian
and an exponential
v
0 X
u(t,x) | Boundary-driven dynamics |
A
1/2<B<1 B=1 B>1 No blow-up
in finite time

-

(@] Static _
Decaying exponential Increasmg
exponential / exponential

\/
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Perspectives: interplay with an Allee effect

2 > Ifb(1)=0 atu = axx”"‘f(u) t>0, x> b(l)
— Oy =b'(t)u t>0, x=b(1).

u

1

R\_/\ 0
O->

Bistable : f(u) = u(l —u)(u—8)

A
Population Allee effect Intraspecific competition
increases (harder to grow at low density) for resources
—C
0 0
Population 2=

declines
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Perspectives: interplay with an Allee effect

b(t) —
>> 1f b(r) grows not too fast a[u - a)‘xu—’_f(u) >0, x> b(t)
T —dyu=b'(t)u t>0, x=>b().
11118 u
\ 0
e
\)_>.’L'

Bistable : f(u) = u(l —u)(u—8)

A
Population Allee effect Intraspecific competition
increases (harder to grow at low density) for resources
—C
0 0
Population 2=

declines
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Perspectives: interplay with an Allee effect

b(t)

Opu = Iyt + f(u) t>0, x>b(1).
—0u=">b'(t)u t>0, x=b(t).

>> 1 b(r) grows too fast

u

\

e 2

Bistable : f(u) = u(l —u)(u—8)

Population
increases

Population
declines
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A

Allee effect
(harder to grow at low density)

Intraspecific competition
for resources

S
o



Thanks for your attention!
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