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Motivation

Vit xelo,T]x[0,1],
y(t,x)—Ay(t,x) =0
y(0,x) =0

y(t,0) =y(t,1) =0.
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Control problem

Consider the following control problem:

y(t)+Ay(t) =Bu(t) Vte[o,T]
y(0)=yeX (S
(heucu vte o, T].
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Control problem

Consider the following control problem:

y(t)+Ay(t) =Bu(t) Vte[o,T]
y(0)=yeX (S
(heucu vte o, T],

which allows the Duhamel decomposition
y(T,-iyo,u) = Styo+Lru.
We call the constraint set
={u, Vte[o,T], u(t) € U} CL*(0, T;U),

where 7/ will be assumed to be non-empty, closed, convex and
bounded in U by M > 0.
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Reachability

Definition
A target y; is ‘Ul-reachable from yq in time T if :

due , y(T,-; )ny

The reachable set Sty + Lt is the set of all U/-reachable points
(from yq in time T).

V(i o 1) Reachable states at time t,>t,
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Dual functional

Denoting
J 1 pr = OspyLren, (Pr) — (Vrpr),
where
OSryo+LrEqy * P> sup  (pr, X).
XeSty+Lr
Theorem

If there exists py such that J(ps) < 0, then y; is not 1/-reachable from
Yo intime T.
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Dual functional

Denoting
Jipr—6e,(L"pr) — (v — StY0.P1),
where
Gr, v sup (v, u).
€
Theorem
If there exists py such that J(ps) < 0, then y; is not 1/-reachable from
Yo intime T.
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Dual functional

Denoting
Jiprr 6g,(L77pr) + 60, (—pr) + 0, (STpr),
where
Gr, v sup (v, u).
S
Theorem

If there exists pr such that J(pf) < 0, then 5 is not /-reachable from
Y in time T.
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General methodology

Theorem

If there exists py such that J(ps) < 0, then y; is not 7/-reachable from
Yo intime T.
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General methodology

Theorem

If there exists py such that J(ps) < 0, then y; is not 7/-reachable from
Yo intime T.

In practice, to apply this theorem, three steps are required:
@ find a proxy Jy =~ J such that we can numerically evaluate Jy

Q@ find py, such that Jy(ps) < 0
@ associate py, to some py and check that J(pr) < 0
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General methodology

Theorem

If there exists py such that J(ps) < 0, then y; is not 7/-reachable from
Yo intime T.

In practice, to apply this theorem, three steps are required:
@ find a proxy Jy =~ J such that we can numerically evaluate Jy

Q@ find py, such that Jy(ps) < 0

@ associate py, to some pr and check that J(pr) < O:

o if needed, interpolate py, into pr
e bound discretisation errors eg(py)

e bound round-off errors e, (o).

e check that Jy(ps) + eq(pr) + er(pm) < 0.
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Reformulation

Theorem
The two following assertions are equivalent:
@ y; is not Ul-reachable from yq in time T

® Ipr€ X, or, (Lrpr) — (yr.pr) + (vo,STPr) <O
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Reformulation

Theorem
The two following assertions are equivalent:
@ y; is not Ul-reachable from yq in time T

® Ipr€ X, or, (Lrpr) — (yr.pr) + (vo,STPr) <O

And:

L xou
T b (1 Bp(E)),

where t — p(t) solves the adjoint equation

{/b(t) = A"p(1), D

p(T) = pr.
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Reformulation

Theorem
The two following assertions are equivalent:
@ y; is not UI-reachable from yy in time T

o IpeX. /OTG (B*0()) dt = (yr.pr) + (16, p(0)) < O

And:

1% X—=U
"o (t— B*p(t)),

where t — p(t) solves the adjoint equation

{p(t) = A"p(1), D

p(T) = pr.
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Hypotheses

Suppose that:
@ V C X are Hilbert spaces, V dense and continuously embedded
in X.
@ A:D(A) C V — X, such that A" is continuous and coercive, that
is 30 < ag < ay satisfying

(A", w)| < arlv]lv]w]v

Vv,we D(A*) x V, .
{Re(<A v.v)) > allvl}.

@ B: U — Xisbounded.
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Discretisation

Let h > 0 and a finite-dimensional subset V,, C V such that

Vie X, inf |Af—wyllv+ inf ||(A) T F—vpllv < Cohllf]],
VhEV VhE V)

We consider a space-discretisation over V}, and a implicit Euler
time-discretisation of (A2) with time step At and get the following result:

Proposition
V(vapfh) EXXVp Vne{0,..., N},

llp(tn) — panll < Cillpr — pinll + (Czh2 4= CsAf) | A" prll,

where Cq, C> and Cz are known explicitly and depend only on ag and
a.
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Error control

Discretisation errors

Consider

Ni
Iatn(pm) = AtY. o0 (B*(Id—AtA;) " or)

n=1

—{yr, om) + < (Id—AtA}) ™ Pfh>
Assume furthermore that for py, € V},, you know how to compute
explicit 6¢,(B*pm), (v, pm) and (yo, pm)-

Theorem

For all ps € Q)(A*), Pm € Vi, we then have

|J(pr) — Iatn(Pm)| <FMT||B|| At]|A* oy
+ (Iyoll + T B} (Cot + Cs At) | 4%
+ (!l + MTIIBI) Cs + Iyl 1o — oo
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Error control
Round-off errors

To take into account round-off errors made by during computations on
finite-byte machines, one has to propagate all potential errors using
intervals: x—xta

X=X

The Intlab library, encoded in Matlab by Siegfried M. Rump, takes care
of it for us.
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General methodology

Theorem

If there exists py such that J(ps) < 0, then y; is not 7/-reachable for
(S) intime T.

In practice, to apply this theorem, three steps are required:
@ discretise J into Jar , >~ J such that we can evaluate Jat

@ find py, such that Jas p(pm) <0

@ associate py, to some py and check that J(pr) < O:

o if needed, interpolate py, into pr
e bound discretisation errors eg(py)

e bound round-off errors e, (o).

o check that Jas n(pm) + eq(pr) + er(pm) <O.
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Control of the 1D heat equation

Vit,xel0,T]x[0,1],

y(t,x)—Ay(t,x) =1y u(t, x)
y(0,x) =yo(x) =0
y(t,0) = y(t,1) =0 )
0<u(tx)<1

y(T,x) = ys(x) = sin(mx).

— Yo
Acceptable control values
— ¥

-0.2
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Choice of Vj,

Here we have:
@ X = L?(0,1) the state space
e V=Hj(0,1) and D(A) = D(A*) = H}(0,1) N H?(0,1).
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Here we have:
@ X = L?(0,1) the state space
e V=Hj(0,1) and D(A) = D(A*) = H}(0,1) N H?(0,1).

Two choices of space discretisation are possible:
1. V4 C D(A) (cubic splines, spectral methods...):

e Pros: no interpolation needed, pr = ps, = ||pm — pr|| =0
e Cons: closed formulas more complicated (when possible), heavy
computation costs
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Here we have:
@ X = L?(0,1) the state space
e V=Hj(0,1) and D(A) = D(A*) = H}(0,1) N H?(0,1).

Two choices of space discretisation are possible:

1. V4 C D(A) (cubic splines, spectral methods...):
e Pros: no interpolation needed, pr = ps, = ||pm — pr|| =0
e Cons: closed formulas more complicated (when possible), heavy

computation costs

2. Vh ¢ D(A) (IP4 finite elements, ...):
e Pros: easier computations and many closed formulas
e Cons: needs interpolating into D(A*)
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Examples of computer-assisted proofs
000@0

Choice of Vj,

Here we have:
@ X = L?(0,1) the state space
e V=Hj(0,1) and D(A) = D(A*) = H}(0,1) N H?(0,1).

Two choices of space discretisation are possible:
1. V4 C D(A) (cubic splines, spectral methods...):

e Pros: no interpolation needed, pr = ps, = ||pm — pr|| =0
e Cons: closed formulas more complicated (when possible), heavy
computation costs

2. Vh ¢ D(A) (IP4 finite elements, ...):
e Pros: easier computations and many closed formulas

e Cons: needs interpolating into D(A*) = easy and optimal with
cubic splines
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Control of the heat equation

Vt,x € [0, T] x [0,1]

y(t,x) = Ay(t,x) = ou(t x)

y(0,x) =yo(x) =0

y(t,0) =y(1,1)=0

0<u(tx) <1
yi(x) = g5 sin(mx)
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Examples of computer-assisted proofs
0000e

Control of the heat equation

Vt,x € [0, T] x [0,1]

y(t,x) —Ay(t,x) =TNuu(t, x)
y(0,x) =yo(x) =0
y(t,0) =y(t,1)=0
0<u(tx) <1
yi(x) = g5 sin(mx)
Proposition
Y is not ‘(I-reachable from y; in
time T = 1. Indeed,
J(pr) € [~0.0093, —0.0035] < 0. —
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Control of the heat equation

Vt,x € [0, T] x [0,1]

Proposition

The minimal time t* required to
steer y; to y; satisfies:

t*>1.15.

Indeed, 003 — w o —y — o — LT

J(pr;1.15) € [-0.0073,—4-107°] < 0. )
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Control of the heat equation

Vt,x € [0, T] x [0,1]

y(t,x) = Ay(t,x) =1ou(t, x)

y(0,x) =yo(x) =0

y(t.0)=y(t1)=0

0<u(tx) <1
yf(x):;—5(1—|2x—‘||)
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Control of the heat equation
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Control of the heat equation

Proposition

Yr is not ‘UI-reachable from y;, in
time T = 1. Indeeq,

— Yo — Pr

J(p/*) € [~0.0049, —6-107%] < 0. Za e

— LT

00 02 04 06 08 10
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Conclusion & Perspectives

Contributions :

@ A general method to analyse the non-reachability of targets of
linear control problems

@ Fine explicit estimates for a wide class of parabolic control
problems

Perspectives :
@ Apply the method for other classes of linear PDEs

@ For ODEs, develop a method to prove numerically the reachability
of a given target and approximate the reachable set with
guaranteed sets
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Thank you for you attention!
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